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Abstract
In t h i s  d i s s e r t a t i o n ,  t he  t he o r y  of  t he  p h a s e - s p ac e  f o r m u l a t i o n  o f  
quantum mechanics  (PSFQM) i s  d i s c u s s e d  and a p p l i e d  t o  i n v e s t i g a t i o n s  of  
v a r i o u s  l o w - t e m p e r a t u r e  p r o p e r t i e s  of  both  two- and t h r e e - d i m e n s i o n a l  
e l e c t r o n  s ys t ems .
The o r i g i n  of  an appa r e n t  d i s c r e p a n c y  r e c e n t l y  r e p o r t e d  by o t h e r s  
between r e s u l t s  o b t a i n e d  by t he  PSFQM and c o n v e n t i o n a l  ( Sc h r od i n ge r )  
quantum mechanics  i s  d i s c u s s e d .  A comple te  agreement  i s  a r r i v e d  a t  h e r e  
by d e m o n s t r a t i n g  t h e  c o r r e c t  way t o  use  t he  PSFQM.
A g e n e r a l  f o r m u l a t i o n  i s  deve l oped ,  t h rough use  of  t h e  PSFQM, f o r  
d e t e r mi n i ng  t he  f r e e  energy  of  a Fermi gas c o n t a i n e d  in  an a r b i t r a r y  
smooth e x t e r n a l  p o t e n t i a l  and in a weak magnet i c  f i e l d ,  in t h e  low- 
t e m p e r a t u r e  l i m i t .  E x p l i c i t  formulae a r e  g i v e n ,  which enab l e  one t o  
compute s u r f a c e  and t e mp e r a t u r e  e f f e c t s  on v a r i o u s  p h y s i c a l  p r o p e r t i e s  
( s u s c e p t i b i l i t y ,  s p e c i f i c  h e a t ,  e t c . )  of t he  sys t em.  As an i l l u s t r a t i o n  
t h a t  t h e  g e n e r a l  f ormal i sm p r e s e n t e d  can be a p p l i e d  to  o t h e r  k i nds  o f  
Fermi gas  ( f o r  example ,  nuc l eons )  c o n t a i n e d  in an e x t e r n a l  p o t e n t i a l ,  
t h e  modi f i ed  Thomas-Fermi t he o ry  i s  ex t ended  t o  i nc l u d e  t e mp er a t u r e  
e f f e c t s .
E x pr e s s i o n s  a r e  d e r i v e d  f o r  t he  magne t i c  s u s c e p t i b i l i t y  and Fermi 
energy  o f  a n o n - i n t e r a c t i n g  two-dimens iona l  e l e c t r o n  gas  (2DEG) in t he  
s t r o n g - m a g n e t i c - f i e l d  l i m i t  and f o r  non-ze ro  t e m p e r a t u r e s .  The e f f e c t  of 
l e v e l  broaden i ng  on t h e  s t e a d y  p a r t  of  t h e  magne t i c  moment and t h e  
s p e c i f i c  h e a t  i s  c a l c u l a t e d  by d e r i v i n g  an e x p r e s s i o n  f o r  t h e  f r e e  
energy  o f  a 2DEG in  a uni form magne t i c  f i e l d ,  wi t h  an a r b i t r a r y  Landau
v i
l eve l  broaden i ng  and a f i n i t e  t e mp e r a t u r e .
S y s t e m a t i c  e x p a n s i o n s ,  in powers of  1/B,  f o r  t he  f r e e  energy  and 
t h e  d e n s i t y  of  s t a t e s ,  a r e  d e r i v e d  f o r  a d e g e n e r a t e  2DEG in  t h e  p r e s en c e  
of  a s t r o n g  magne t i c  f i e l d  and an a r b i t r a r y  p o t e n t i a l .  They a r e  t he n  
a p p l i e d  t o  a sys t em i nvo l v i ng  random i m p u r i t i e s .  Level  b ro a d e n i n g s ,  
induced by long r ange  e l e c t r o n - i m p u r i t y  s c a t t e r i n g s  a l o n e ,  a r e  shown t o  
be i nde penden t  of  t h e  magnet i c  f i e l d  in t he  s t r o ng  magne t i c  f i e l d  l i m i t .  
Broadened Landau l e v e l s  can have a l a r ge  v a r i e t y  o f  sh a p e s .  Thi s  t h e o r y  
l e a d s  t o  good agreement  wi t h  t h e  r e c e n t  exper i ment  on t h e  de Haas -van 
Alphen e f f e c t  in B r ^ - g r a p h i t e  i n t e r c a l a t i o n  compounds.
PART A: On the Phase-Space Fom ulatlon of Quantum Mechanics and 
Some of I ts  Applications
1. Introduction to Part A
P a r t  A of  t h i s  d i s s e r t a t i o n  i s  devo t ed  t o  a d i s c u s s i o n  o f  t h e  
t h e o r y  o f  t h e  p h a s e - s p a c e  f o r m u l a t i o n  of  quantum mechanics  and i t s  
a p p l i c a t i o n  to  v a r i o u s  i n v e s t i g a t i o n s  of  a l o w - t e m p e r a t u r e  t h r e e -  
d i mens i ona l  Fermi gas .
The p h a s e - s p a c e  f o r m u l a t i o n  of  quantum mechanics  (PSFQM), t h e  most
comnon v e r s i o n  o f  which i s  based on t h e  Weyl o r d e r i n g ^  and t h e  Wigner
12 !d i s t r i b u t i o n  f u n c t i o n , '  1 p r o v i d e s  a means of  a n a l y z i n g  quantum 
mechanica l  sys tems  wh i l e  s t i l l  employing a ph a s e - s p a c e  f r a m e w o r k J 3  ̂ I t  
has been a p p l i e d  s u c c e s s f u l l y  in a number of  d i f f e r e n t  s u b - f i e l d s  of  
p h y s i c s ,  e . g . ,  n u c l e a r , ^  a t o m i c , ^  m o l e c u l a r ^ ,  so l  i d - s t a t e  J  
s c a t t e r i n g  p r o c e s s e s  and quantum o p t i c s . T h e  b a s i c  i dea  in t h e s e  
a p p l i c a t i o n s  i s  t o  c a l c u l a t e  e x p e c t a t i o n  v a l ue s  v i a  p h a s e - s p a c e  
i n t e g r a t i o n  r a t h e r  t ha n  t h rough the  c o n ven t i ona l  o p e r a t o r  fo rmal i s m of 
quantum mechan ics .  The Wigner-Kirkwood e x p a n s i o n ^  can  be used 
c o n v e n i e n t l y  in t h e  n e a r - c l a s s i c a l  l i m i t .  The problem of  d i s c r e t e  
spec t rums  f o r  v a r i o u s  o b s e r v a b l e s ,  as  wel l  as  t h a t  of  p e r t u r b a t i o n  
t h e o r y ,  i s  a l s o  a c c e s s i b l e  in t h e  PSFQM.
Fol lowing  t h e  appea rance  of  t he  wel l -known Wigner d i s t r i b u t i o n  
f u n c t i o n ,  many o t h e r  d i s t r i b u t i o n  f u n c t i o n s  were c o n s i d e r e d . ^  For 
i n s t a n c e ,  t h e r e  i s  t he  a n t i - n o r ma l  o r de r ed  and t h e  normal  o rd e r ed  
d i s t r i b u t i o n  f u n c t i o n s  , t he  a n t i - s t a n d a r d  and t h e  s t a n d a r d  d i s t r i b u t i o n
1
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f u n c t i o n s .  The t i me-depe ndences  of  t h e se  f u n c t i o n s  a r e  i mpor t an t  i n  
t h e o r i e s  o f  n o n - e q u i l i b r i u m  phenomena,  whereas  t he  p h a s e - s p ac e  v e r s i o n  
of  t h e  Bloch e q u a t i o n  i s  widely  used t o  u n d e r s t a n d  sys t ems  in  t he rmo­
e q u i l i b r i u m .  In a s e r i e s  of  p a p e r s ,  t h e  e q u a t i o n s  of  m o t i o n ^ * * ^  and 
t h e  Bloch e q u a t i o n s ^ ^  were s t u d i e d  i n  d e t a i l  f o r  t h e  f i v e  d i s t r i b u t i o n  
f u n c t i o n s  ment ioned above.
In a pape r  e n t i t l e d  "A p r e c a u t i o n  needed in u s i n g  t he  p h a s e - s p ac e
I 1R1f o r m u l a t i o n  of  quantum m e c h a n i c s " , 1 1 t he  o r i g i n  of  an a p p a r en t  
d i s c r e p a n c y  r e c e n t l y  r e p o r t e d  by o t h e r s  between r e s u l t s  o b t a i n e d  by the  
PSFQM and c o n ve n t i o n a l  (Sch r od i nge r )  quantum mechanics  i s  d i s c u s s e d .  A 
comple t e  agreement  i s  a r r i v e d  a t  t h rough  a d e m o ns t r a t i o n  of  t h e  c o r r e c t  
way t o  use  t h e  PSFQM.
A g e n e r a l  f o r m u l a t i o n  is  deve loped  in Refe r ence  9 f o r  d e t e r m i n i n g  
t h e  f r e e  energy  of  a Fermi gas c o n t a i n e d  in an a r b i t r a r y  smooth e x t e r n a l  
p o t e n t i a l  and in a weak magne t i c  f i e l d ,  in t he  l ow- t emper a t u r e  l i m i t .
The PSFQM i s  used as a c a l c u l a t i o n a l  t o o l .  E x p l i c i t  formulae  a r e  g i v e n ,  
which e n ab l e  one t o  compute s u r f a c e  and t e mp er a t u r e  e f f e c t s  on v a r i o u s  
p h y s i c a l  p r o p e r t i e s  ( s u s c e p t i b i l i t y ,  s p e c i f i c  h e a t ,  e t c . )  of  t he  sys t em.  
Some s i mpl e  examples  a r e  c o n s t r u c t e d  f o r  d i a m a g n e t i c - s u s c e p t i b i l i t y  
c a l c u l a t i o n s ,  which show t h a t  the  c o r r e c t i o n s  depend on the  form of  t he  
s u r f a c e  p o t e n t i a l  b a r r i e r  and t he  s i 2 e  of  the  m a t e r i a l .  The g e n e r a l  
fo rmal i s m t h a t  we p r e s e n t  can be a p p l i e d  t o  o t h e r  k i nds  of  Fermi gas  
( f o r  example ,  nuc l eons )  c o n t a i n e d  in an e x t e r n a l  p o t e n t i a l .  For example ,  
we show how t he  mo d i f i e d  Thomas-Fermi t h e o r y  may be ex t ende d  to  i nc l u d e  
t e m p e r a t u r e  e f f e c t s .  I t  i s  t he  f i r s t  t ime t h a t  t he  Wigner-Kirkwood 
e x pans i on  has been g e n e r a l i z e d  i n t o  t he  low, but  n o n - ze r o ,  t e m p e r a t u r e  
reg i me.
3
The two p a p e r s  ment ioned above,  i . e . .  Re f e r e n c e s  18 and 9 ,  
i nc l ude d  as  S e c t i o n s  I I  and I I I  in P a r t  A of  t h i s  d i s s e r t a t i o n .
a r e
I I . A Precaution Needed in Using the Phase-Space Formulation of 
Quantum Mechanics
(Thi s  s e c t i o n  c o n s i s t s  of a r e p r i n t  o f  Reference  18 ( s ee  I tem #1 
e n c l os e d  i n  t he -ba c k  p o c k e t ) .  Wr i t t e n  pe r mi s s i on  from t h e  p u b l i s h e r  i s  
i n c l u d e d  i n  t he  Appendix. ]
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III . Surface E ffects on the Diamagnetic S u sce p tib ility  and Other
Properties o f a Low-Tei^er ature Three-Dimensional Electron Gas
[Thi s  s e c t i o n  c o n s i s t s  of  a r e p r i n t  of  Reference  9 ( s e e  Item #2 
e nc l o se d  i n  t h e  back p o c k e t ) .  W r i t t en  p e r mi s s i on  from t h e  p u b l i s h e r  i s  
i nc luded  in t he  A p p e n d i x . 1
5
PART B: On the Two-Dimensional Electron Gas in  a Magnetic Field
IV. Introduction to  Part B
P a r t  B of  t h i s  d i s s e r t a t i o n  c o n c e n t r a t e s  on v a r i o u s  p h y s i c a l  
p r o p e r t i e s  of  a low~tempera ture  two-dimens iona l  e l e c t r o n  gas  i n  a 
magne t i c  f i e l d .  The p h as e - sp a c e  f o r m u l a t i o n  of  quantum mechanics  
d i s c u s s e d  in P a r t  A i s  used ( i n  S e c t i o n  VII)  as  a c o nv e n i en t  
c a l c u l a t i o n a l  t o o l .
The model of  a two-dimens iona l  e l e c t r o n  gas (2DEG) was f i r s t
1 I Q I
employed by P e i e r l s 1 1 in 1933 to  g i ve  a q u a l i t a t i v e  e x p l a n a t i o n  f o r  
t he  o s c i l l a t o r y  magnet i c  s u s c e p t i b i l i t y  ( t he  de Haas-van Alphen e f f e c t )  
of a t h r e e - d i m e n s i o n a l  m e t a i .  La t e r  r e a l  2DEG have been c r e a t e d  in 
v a r i o u s  new semi conduc tor  d e v i c e s .  For i n s t a n c e ,  m e t a l - o x i d e -  
s emi conduc t o r  f i e l d - e f f e c t  t r a n s l t o r s  (MOSFETs) and GaAs/AlGaAs h e t e r o ­
s t r u c t u r e s  have become c o r n e r s t o n e s  of  modern e l e c t r o n i c s .  Al though 
s p e c i f i c  m a t e r i a l  p r o p e r t i e s  vary f o r  d i f f e r e n t  d e v i c e s ,  t h e  u n d e r l y i n g  
p h y s i c a l  mechanisms f o r  t he  g e n e r a t i o n s  of  2DEGs a r e  ve ry  s i m i l a r .  A 
b r i e f  r eview on S i l i c o n  i n v e r s i o n  l a y e r s  w i l l  be g i ve n  below.
A s chema t i c  c r o s s  s e c t i o n  o f  a s i l i c o n  n - channe l  MOSFET i s  shown in 
F i gu r e  1. The n - t y p e  c o n t a c t s  known as t he  s ource  and t h e  d r a i n  a r e  made 
by d i f f u s i o n  of  ions  i n t o  t h e  p - t ype  s u b s t r a t e .  When a p o s i t i v e  v o l t a g e  
Vg i s  a p p l i e d  between t he  metal  g a t e  and t he  s u b s t r a t e ,  a d e p l e t i o n  
l a y e r  i s  c r e a t e d  and n a g a t i v e  cha rges  a r e  induced in  t he  s emi conduc t o r  
n ea r  t he  s i l i c o n - s i 1 i con d i o x i d e  i n t e r f a c e  by removing h o l e s  from the  
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Figure t. A silicon n -c h a n n e l  metal-oxide-semiconductor  
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Figure 2. A schem atic  energy band d ia g ra m  for a 
MOSFET.
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p o s i t i v e  g a t e  b i a s  i s  i n c r e a s e d ,  t h e  downward band bending i n c r e a s e s  
u n t i l  t he  c o n d u c t i o n  band edge a t  t h e  i n t e r f a c e  approaches  t h e  Fermi 
l e v e l  and e l e c t r o n s  a r e  induced nea r  t h e  i n t e r f a c e .  When t h i s  e l e c t r o n  
d e n s i t y  e q u a l s  o r  exceeds  t h e  hole  d e n s i t y  in  t h e  b u l k ,  t h e  i n t e r f a c e  i s  
s a i d  t o  be i n v e r t e d .
F i g u r e  2 shows the  energy bands a t  t he  i n v e r t e d  i n t e r f a c e  o f  a p- 
t ype  s emi conduc t o r .  S e l f - c o n s i s t e n t  Schr od i nge r  and P o i s s on  e q u a t i o n s  
can be s o l v e d  to  d e t e r mi n e  t he  e l e c t r o n  behav i o r  in t h e  d i r e c t i o n  
p e r p e n d i c u l a r  t o  t h e  i n t e r f a c e  ( u s u a l l y  c a l l e d  z - d i r e c t i o n ) . I t  has 
been found t h a t ,  f o r  a t y p i c a l  s i t u a t i o n ,  t he  energy  d i f f e r e n c e  between 
t h e  ground s t a t e  and t he  f i r s t  e x i t e d  s t a t e ,  known as  s ub - ba nds ,  i s  
about  40 meV, which i s  c o n s i d e r a b l y  l a r g e r  t ha n  t he  t y p i c a l  the rmal  
ene r gy  (-  0 . 3  meV a t  t he  t e mp e r a t u r e  of  l i q u i d  hel ium)  and o t h e r  ene rgy  
quan t a  a s s o c i a t e d  wi th  e l e c t r o n  mot ion p a r a l l e l  t o  t h e  I n t e r f a c e  (< a 
few meV). Al so ,  t h e  t y p i c a l  s p a t i a l  e x t e n s i o n  of  e l e c t r o n s  a l ong  z -  
d i r e c t i o n  i s  10 nm, which i s  a t  l e a s t  t h r e e  o r d e r s  o f  magni tude  s m a l l e r  
t ha n  t h e i r  e x t e n s i o n  a long d i r e c t i o n s  p a r a l l e l  t o  t he  i n t e r f a c e  ( t h e  x-y 
p l a n e ) .  Hence t h e s e  e l e c t r o n s  in t h e  i n v e r s i o n  l a y e r  a r e  e s s e n t i a l l y  
t w o - d i m e n s i o n a l .
A f t e r  t h e  e x p e r i m e n t a l  r e a l i z a t i o n  of  a 2DEG, t h e  development  of  
the  g e n e r a l  t h e o r y  f o r  a 2DEG has  been a c c e l e r a t e d .  D e s p i t e  the  
i n c r e a s i n g  t h e o r e t i c a l  d i s c u s s i o n s  on t he  s u b j e c t ,  some problems r emain 
to  be c o n s i d e r e d .
In Reference  21,  a n a l y t i c  e x p r e s s i o n s  a r e  d e r i v e d  f o r  t he  magne t i c  
s u s c e p t i b i l i t y  and Fermi energy of  a n o n - i n t e r a c t i n g  2DEG in t h e  s t r o n g -  
m a g n e t i c - f i e l d  l i m i t  and f o r  non - ze r o  t e m p e r a t u r e s .  The r e s u l t s  a t  z e r o  
t e m p e r a t u r e  ag ree  wi th  e x i s t i n g  c a l c u l a t i o n s  but  t h e  r e s u l t s  a t  f i n i t e
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t e m p e r a t u r e  a r e  d i f f e r e n t  from t hose  o b t a i n e d  r e c e n t l y  by o t h e r  a u t h o r s .
In a paper  e n t i t l e d  "Landau l e v e l  w i d t h :  Magnet ic  f i e l d  and 
t e mp e r a t u r e  d e p e n d e n c e s " J ^ 2 )  e f f e c ^ 0 f  i e v e i b roaden i ng  on the  
s t e a d y  p a r t  of  t he  magne t i c  moment and s p e c i f i c  hea t  i s  c a l c u l a t e d  by 
d e r i v i n g  an a n a l y t i c  e x p r e s s i o n  f o r  t h e  f r e e  energy  of  a 2DEG in a 
u n i fo rm magne t i c  f i e l d ,  w i t h  an a r b i t r a r y  Landau l e ve l  b roaden i ng  and a 
f i n i t e  t e m p e r a t u r e .  Measurements of  t h e s e  e f f e c t s  may p r ov i d e  a new way 
f o r  g a i n i n g  more i n f o r ma t i o n  about  t h e  magne t i c  f i e l d  and t e mp e r a t u r e  
dependences  of  t h e  Landau l e ve l  wi d t h .  Th i s  in t u r n  may lead t o  
i n f o r m a t i o n  about  t he  d e n s i t y  of s t a t e s .  In t he  p a r t i c u l a r  c a s e  of  
Gaus s i an  b r o a d e n i n g ,  t he  broaden i ng  c o r r e c t i o n  t o  t h e  s t e a d y  magne t i c  
moment i s  as  l a r g e  as  t he  s t e a d y  magne t i c  moment i t s e l f .
S y s t e m a t i c  e x p a n s i o n s ,  in powers of  1/B,  f o r  t he  f r e e  energy  and 
t h e  d e n s i t y  of  s t a t e s ,  a r e  d e r i v e d  in Reference  23 f o r  a d e g e n e r a t e  2DEG 
in t h e  p r e s e n c e  of  a s t r o n g  magnet i c  f i e l d  and an a r b i t r a r y  p o t e n t i a l .  
They a r e  t h e n  a p p l i e d  t o  a sys t em i nvo l v i ng  random i m p u r i t i e s .  Landau 
l e v e l s  a r e  shown t o  be b roadened ,  wi th  l e ve l  w i d t h s  r e l a t e d  to the  
i m p ur i t y  c o n c e n t r a t i o n  and p o t e n t i a l .  We show t h a t  l e v e l  b r o a d e n i n g s ,  
induced by long r ange  e l e c t r o n - i m p u r i t y  s c a t t e r i n g s  a l o n e ,  do not  depend 
on the  ma gne t i c  f i e l d  in t he  s t r o n g  magnet i c  f i e l d  l i m i t .  Broadened 
Landau l e v e l s  can have a l a r g e  v a r i e t y  of  shapes  as  one changes  t he  
i m p u r i t y  p o t e n t i a l ,  d i s t r i b u t i o n  and c o n c e n t r a t i o n .  Our t h e o r y ,  w i t h  a 
Gaus s i an  p o t e n t i a l ,  l e ads  to good agreement  wi th t h e  r e c e n t  exper i men t  
on t h e  de Haas-van Alphen e f f e c t  in B ^ - g r a p h i t e  i n t e r c a l a t i o n  compound.
The t h r e e  pape r s  ment ioned above,  e . g . ,  r e p r i n t s  of R e f e r e n c e s  21 
and 22,  and a p r e p r i n t  o f  Refe rence  23,  a r e  i nc luded  as  S e c t i o n s  V, VI 
and VII in  P a r t  8 of  t h i s  d i s s e r t a t i o n .
V. Magnetic S u sce p tib ility  of a Two-Dimensional Electron Gas 1n the 
Strong Magnetic Field Limit and for Non-Zero Temperatures
[Thi s  s e c t i o n  c o n s i s t s  of  a r e p r i n t  of  Refe r ence  21 ( s ee  I tem #3
e n c l os e d  in  t h e  back p o c k e t ) .  W r i t t en  p e r mi s s i o n  from t h e  p u b l i s h e r  i s
i nc l ude d  i n  t h e  Appendix. ]
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VI. Landau-Level Width: Magnetic-Field and Temperature Dependences
(Th i s  s e c t i o n  c o n s i s t s  of  a r e p r i n t  of  Re f e r e nce  22 ( s e e  I tem #4 
e n c l os e d  In t h e  back p o c k e t ) .  W r i t t en  pe r mi s s i on  from t h e  p u b l i s h e r  i s
i nc l uded  in  t he  Appendix. ]
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VII. On the Thermodynamics of a Degenerate Two-Dimensional Electron Gas 
in a Strong Magnetic F ield : Density of S ta tes
(Thi s  s e c t i o n  c o n s i s t s  o f  a p r e p r i n t  o f  Refe rence  23. )
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A b s t r a c t .
S y s t e m a t i c  e x p a n s i o n s ,  in powers of B- 1 , f o r  t he  f r e e  ene r gy  and 
t h e  d e n s i t y  of  s t a t e s ,  a r e  d e r iv e d  f o r  a two-dimens iona l  d e g e n e r a t e  
e l e c t r o n  gas  in t h e  p r e sence  of  a s t r ong  magnet i c  f i e l d  and an a r b i t r a r y  
p o t e n t i a l .  They a r e  t he n  a p p l i e d  to a system i n v o l v i n g  random 
i m p u r i t i e s .  Landau l e v e l s  a r e  shown t o  be b roadened ,  wi t h  l e ve l  w i d t h s  
r e l a t e d  t o  t h e  impur i t y  c o n c e n t r a t i o n  and p o t e n t i a l .  We show t h a t  l e ve l  
b r o a d e n i n g s ,  induced by long r ange  e l e c t r o n - i m p u r i t y  i n t e r a c t i o n s ,  do 
not  depend on t h e  magnet i c  f i e l d  in  t he  s t r ong  f i e l d  l i m i t ,  c on f i r mi ng  
t h e  e x i s t i n g  t h e o r i e s .  But broadened Landau l e v e l s  can have a l a r g e  
v a r i e t y  of  shapes  as one changes  t he  i mpur i t y  p o t e n t i a l ,  d i s t r i b u t i o n  
and c o n c e n t r a t i o n .  Our t h e o r y ,  wi th  a Gauss i an  p o t e n t i a l ,  l e a d s  t o  a 
good agreement  w i t h  t he  r e c e n t  exper i ment  on t he  de Haas-van Alphen 
e f f e c t  i n  B r ^ - g r a p h i t e  i n t e r c a l a t i o n  compounds.
PACS numbers:  7 1 . 2 0 - b ,  7 1 . 7 0 . E j ,  05.30 Ch
u
I . I n t roduc t ion
An expansion in powers of B"^, where B is the magnet ic f i e l d ,  i s  
o f t e n  employed in d i s cus s i ons  of two-dimensional  (20) e l e c t r o n  systems in 
the  s t rong magnet ic f i e l d  l i m i t . ^  In some c i rcumstances ,  the s t a t i s t i c s  
of the e l e c t r o n  system i s  nondegenera te . For example,  a d i l u t e  two- 
dimensional  e l ec t r o n  gas may form a r egu l a r  hexagonal l a t t i c e  at  low 
tempera tures  (Wigner c r y s t a l i n a t i o n ^ 2 ^) .  By using Boltzmann s t a t i s t i c s , 
Apenko and Lozovik have shown t h a t ,  for  a wide c l a s s  of i n t e r a c t i o n s  and 
ex t e rna l  p o t e n t i a l s ,  the f r ee  energy in the high-B l i mi t  co i nc i des  wi th the 
f r ee  energy of the corresponding c l a s s i c a l  system,
In many o the r  ca s e s ,  Fermi-Dirac s t a t i s t i c s  has to be employed.  When 
the  magnet ic f i e l d  is  s t rong enough, a l l  e l ec t r o n s  in the system are  kept  in 
the  lowest  Landau l e ve l ,  s ince  the degeneracy of each Landau l evel  i s  
p r opor t i ona l  to the magnetic f i e l d .  Hence one can a l so  r e f e r  to the  high-B 
l i mi t  as an extreme quantum l i mi t .
In r ea l  2D e l ec t r on  systems,  e . g . ,  s i l i c o n  inve rs i on  l a y e r s ,  the 
e l e c t r o n s  are inf luenced a l so  by impuri ty p o t e n t i a l s .  Moreover,  in 
u l t r a s ma l l  systems ;the quantum s i ze  e f f e c t s  can be q u a l i t a t i v e l y  included by 
choosing an appropr i a t e  boundary p o t e n t i a l . ^  The combined problem of a 
degenera te  2D e l e c t r on  gas in a magnetic f i e l d  and a p o t e n t i a l  i s ,  in 
g e n e r a l ,  d i f f i c u l t .  But when the magnetic f i e l d  i s  s t rong enough,  the 
problem can be s i mp l i f i e d  s i g n i f i c a n t l y .  Our purpose here i s  to d i s cus s  the 
thermodynamics of a degenerate  20 e l ec t ron  gas in the s t rong magnet ic f i e l d  
l i m i t ,  in the  presence of an a r b i t r a r y  long range p o t e n t i a l .
Our second mot iva t ion comes from the ques t i on  of  the dens i t y  of 
s t a t e s  of  a 2D e l e c t r o n  system in a s t rong magnet ic f i e l d .  The pioneer ing
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work on t h i s  sub jec t  was presented by Ando and co-workers more than a decade 
a g o . ' 6 , 9  ̂ The f i r s t  a t tempt  was the s o - ca l l ed  s e l f - c o n s i s t e n t  Born 
a p p r o x i m a t i o n s ’ l l  (SCBA). The dens i t y  of  s t a t e s  was shown to  have a 
simple s e m i - e l l i p t i c  form. But t h i s  sharp level edge has no coun t e rpa r t  in 
the experimental  r e s u l t s ,  s ince  i t  gives  add i t i ona l  maxima in c a l c u l a t i n g  
the c o n d u c t i v i t y . 1 ^  1 Also,  the e f f e c t  of success ive  s c a t t e r i n g s  from the 
same s c a t t e r e r  i s  almost  ignored in SCBA, apar t  from a s e l f - c o n s i s t e n t  
t r ea tment .  One expects  tha t  t h i s  kind of  s e l f - c o n s i s t e n t  method may be 
app l i cab l e  only t o  the case of high s c a t t e r e r  conce n t r a t i on .  Moreover,  the 
e f f e c t  of s imul taneous s c a t t e r i n g  from more than one s c a t t e r e r  was 
completely ignored in the SCBA. This approach was l a t e r  improved by the so-  
c a l l e d  S i n g l e - S i t e ^ 1 and M a n y - S i t e ^  Approximations in which these  e f f e c t s  
were taken i n t o  account  in an approximate fashion.  As a r e s u l t ,  the simple 
a n a l y t i c i t y  was l o s t .  In o the r  words,  the dens i t y  of s t a t e s  had to  be 
c a l c u l a t e d  po i n t - b y - po i n t  numerical ly even for  the s imples t  form of impuri ty 
p o t e n t i a l .
G e r h a r d t s ^ ^  proposed another  approach to  the problem of a many- 
e l ec t r on - i mp u r i t y  system in a magnetic f i e l d  v iz .  the lowest order  cumulant 
approximat ion (LOCA) (or p a t h - i n t e g r a l  method),  in hi s  d e r i v a t i o n  of the 
dens i t y  of s t a t e s .  In the s t rong magnetic f i e l d  l i m i t ,  the dens i t y  of 
s t a t e s  p r o f i l e  was shown to be Gaussian.
In both the SCBA and the LOCA, the level  width was shown to be 
p r opor t i ona l  to  /B,  where B is the magnetic f i e l d ,  in the case of  shor t  
range s c a t t e r i n g .
The dens i t y  of  s t a t e s  of  2D e l e c t r o n  systems in GaAs/AlGaAs s i n g l e  
l ayers  and h e t e r o s t r u c t u r e s  has been determined through measurements of  the
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de Haas-van Alphen e f f e c t .  This experiment  showed t h a t  the shape of the
Landau level  broadening is  Gaussian.  Also the observed magnetic f i e l d  
dependence for  the o s c i l l a t i o n  ampli tudes is be s t  descr ibed by a 
/B-dependence of the level  width.  But the experimental  l evel  width is  much 
la rger  than ca l cu l a t ed  from the SCBA and the LOCA. "Given the large 
di screpancy between theory and experiment ,  i t  i s  not pos s i b l e  to a s c e r t a i n  
the o r i g i n  of the observed rough /B dependence repor ted  h e r e . " ^ ^  In o t he r  
words,  the e x i s t i ng  t h e o r i e s  of the dens i ty  of  s t a t e s ,  wi th shor t  range 
i n t e r a c t i o n s  a lone ,  are not s u f f i c i e n t  to expla in  the r e s u l t s  r evea led by 
t h i s  experiment .  However, because of the magnetic f i e l d  dependence of the 
level  width,  sho r t  range s c a t t e r i n g s  are gene ra l l y  bel i eved to be 
dominant .
A diamagnet ic s u s c e p t i b i l i t y  measurement on Br^-graphi t e  
i n t e r c a l a t i o n  compounds has been r ece n t l y  r e p o r t e d T h e  Landau level  
width is  shown to  be independent of the magnetic f i e l d ,  which impl ies  t h a t  
shor t  range s c a t t e r i n g s  are not s i g n i f i c a n t  in these m a t e r i a l s . ^ ^
Long range e l ec t ron- i mpur i t y  i n t e r a c t i on s  have a l so been cons idered 
in the SCBA^l and the LOCaJ ^  Although ana l ys i s  on the consequences of 
long range s c a t t e r i n g s  has not  been c a r r i ed  out  in d e t a i l ,  both t h e o r i e s  
agree t h a t  the level  width i s  independent of the magnetic f i e l d .  But t h i s  
coincidence needs to be checked,  s ince the SCBA and the LOCA are two very 
d i f f e r e n t  approximat ions.  For ins tance ,  t h e i r  cor responding spectrum l ine 
shapes,  Gaussian from the LOCA and semi-el  1i p t i c  from the SCBA, are  of 
d i f f e r e n t  na t ure .  As we sha l l  show from the p resen t  approach,  which we 
be l i eve  i s  a b e t t e r  approximation for  long range p o t e n t i a l s ,  the level  width 
is indeed independent  of the magnetic f i e l d  in the case of long range
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s c a t t e r e r s .  But in general  the spectrum l i n e  shape can have a l a rge  v a r i e t y  
of  forms as one var i e s  the impuri ty p o t e n t i a l ,  d i s t r i b u t i o n  and 
conce n t r a t i on .  The s e m i - e l l i p t i c  and the Gaussian broadenings a r e  spec i a l  
cases .  Furthermore,  a t h e o r e t i c  explanat ion for  the value of  the level  
width measured in Ref. 13 is s t 11 lacking.
In t h i s  paper we develop a systemat ic  B'* expansion for  important  
thermodynamical q u a n t i t i e s ,  such as the f r ee  energy,  of  a 2D e l e c t r o n  
system,  in the presence of an a r b i t r a r y  long range p o t e n t i a l .  We sha l l  
accomplish t h i s  in the next  s ec t i on .  In s ec t i on  I I I ,  we sha l l  apply the 
general  r e s u l t  obta ined to an e l ec t r on - i mpur i t y  system wi th long range 
i n t e r a c t i o n s .  Closed r e l a t i o n s  for  the dens i t y  of s t a t e s  are found by 
r e t a i n i n g  the lowest order  term in the expansion.  By using a Gaussian 
p o t e n t i a l ,  the Landau level  width is c a l cu l a t ed  e x p l i c i t l y  and i s  r e l a t e d  to 
the low-temperature mob i l i t y .  Our theory leads to a good agreement with the 
B ^ - g r a p h i t e  e x p e r i m e n t J f o r  both the maqnitude of the l evel  width and 
i t s  independence on the magnetic f i e l d .  F i na l l y  we sha l l  d i s cus s  our 
r e s u l t s  in Sect ion IV.
11. Free energy via  Fermi-Oirac s t a t i s t i c s
The mathematical  d e r iv a t i o n  t h a t  we sha l l  use i s  s i m i l a r  to t h a t  used 
for  the t r ea tment  of a three-dimensional  f r ee  e l ec t r o n  g a s j * ^  The f r ee  
energy of  the system can be obtained by a Laplace inverse t r ansform from the 
Boltzmann p a r t i t i o n  funct ion of the same system.
F i r s t  we b r i e f l y  review the technique int roduced in Ref.  15. Suppose 
the Boltzmann p a r t i t i o n  funct ion  of  the system is  given by
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where b = 1/kT is  the inverse temperature,  and En and gn are the energy and 
degeneracy of the n-th l e ve l ,  r e spec t i ve l y .  Then the f r ee  energy,  via  Ferml- 
Dirac s t a t i s t i c s ,  can be ca l cu l a t ed  from
Here N i s  the t o t a l  number of e l ec t r ons ,  and f i s  the Fermi-D1rac d i s t r i b u t i o n  
func t ion;
Boltzmann p a r t i t i o n  funct ion for  a two-dimensional e l ec t r on  system in an 
a r b i t r a r y  p o t e n t i a l .  All the terms tha t  contain a f a c t o r  exp(-nBhwc ) , n = 1, 
2, *•*,  ujc = eB/mc, were ignored in Ref. 4 since they become exponent i a l l y  
small in comparison with the term with n=o in the high -B l i m i t .  But in Ed. 
( 4 )  they are no longer exponent ia l ly  small since now b I s  imaginary.  We sha l l
F = Nm + r o f £  * dE. ( 2 )
f 1 (3)
e »<E-*o + 1
The funct ion t>(E) is def ined as fol lows:
♦ (E) = (4)
The Fermi energy can then be obtained by the s tandard r e l a t i o n
(5)
In a recent  p a p e r A p e n k o  and Lozovik der ived a B ^-expansion for  the
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der ive  the Boltzmann p a r t i t i o n  funct ion with inc lus ion of those 6 -dependent  
terms,  the method used here being e s s e n t i a l l y  the same as t ha t  in Ref. A. We 
shal l  then apply t h i s  technique [£qs.  (2) - (5)1 to  obta in  the f r e e  energy in 
Fermi-Dirac s t a t i s t i c s .
The Hamil tonian i s  given by
(6 )
where vxA - B, U(x,y) i s  an a r b i t r a r y  p o t e n t i a l ,  which may be due to 
i mpur i t i e s ,  for  ins t ance .
Af ter  de f in i ng  a new set  of operators
Y = y + P ,  X = x - Q , ( ? )
where n = P + (e/c)  A, i  = (h c/eB)^ i s  the Larmor r ad i us ,  we can r ewr i t e  the 
Hamil tonian as fol lows:
H = \  mu. * (P* + Q*) + U(X + q,  Y - P) . ( 8 )
We now evalua te  the Boltzmann p a r t i t i o n  f u n c t i o n ^




- exP l - 6 He f f (X,Y)l.
Here
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We note t ha t  the eigen s t a t e  of the n- th Landau level  1s given by
<Q|n> .  —  1--------  H ( S )exp( -9 i j ) .  ( 1 0 )
U P ( 2 nn ! t P
We emphasize t h a t  He ff(X,Y) defined in Eq. (9) should be considered,  in 
genera l ,  as a mathematical quant i ty  instead of a physical  o n e J * ^
The Hamiltonian given by Eq. (8 ) is not diagonal  in the bas i s  |n>. 
However, in the high -B l i mi t ,  t  ■* 0 ,  H approaches a quant i ty  which is  
diagonal  in t h i s  bas i s  viz .
H = t  | (n+Jj)hu> + U (X, Y) ] | n><n | , ( 1 1 )
n= 0  ^
where Un = <n|U(X+Q, Y-P) |n>,  the reason being t h a t ^
* & *  ° u > )
( 12)
In o ther  words,  V  ̂ H - H mixes only adjacent  levels  when i 1s small ( in 
comparison with the average p a r t i c l e  spacing) .  Hence s tandard p e r tu r ba t i v e  
techniques  can be used to obta in a smal l -a expansion for  the dens i ty  
o p e r a t o r : t ^ I
exp(-aH) = exp(-eH) S(a) ,  (13)
wi th
S ( B )  = 1 - j gd tV( t )  + / g d t j ^ ' d t ,  V(t ,  )V( t s) + o(V3),
and
V(t)  -  exp(tH)Vexp(- tH).
S ubs t i t u t i ng  Eqs. (13) and (14) into tq .  (9) ,  we obtain
<n|exp(-sH) | n> * exp|-e(n+H)hwc~sUn(X,Y) )<n|S(e) |n>,
where (see Appendix A for  proof)
<nj$(e) | n> - 1 + f g d t j J ' d t j  <n | V(t j )V ( t  2) j n> + o(VM
= 1 + a t i 1*).
In the fol lowing d i scuss ion ,  we shal l  r e t a i n  the terms to the order  
of t.2 (or  B ' 1).  Using the r e s u l t  ( ca l cu l a t ed  In Appendix B):
Un(X,Y) = U(X,Y) + ^ ( l +2 n ) ( | ^  + | ^ ) U  +
we obta in
exp| -eH f f (X,Y)l = i  expl-B(n+is)hwr -bU(X,Y) 1 
e r r  n= 0  c
■ U - ^ ( n ^ ) ( | ^  + | ^ ) U )  + o d - )
= expl-eU(X.Y) H -------)BRiu
2 s inh(— p )
2?
Note t h a t  the sinh and cth f ac t o r s ,  which are int roduced by the sumnatlon over 
a l l  Landau l e v e l s ,  are absent  in Ref. 4.
Now we are ready to combine Eqs. (9) and (18),  and then s u b s t i t u t e  into 
Eq. (4) .  The Laplace inverse t ransform is ca r r i ed  out 1n Appendix C. The 
r e s u l t  i s  the fol lowing:
-  r  m  ^  * i j u w j u ,
L C
I  (2 l ^ p  cos | '
E
♦ ' ^ 7  <s^> ui -  ( i f )
Here is the area in the X-V plane where U (X,Y) < E, and vj = aVsX^ + a V a f '  
S ub s t i t u t i n g  Eq. (19) into Eq. (2) ,  we obtain the f r ee  energy.  In 
p a r t i c u l a r ,  a t  T=0, the der i va t i ve  of Fermi-Dirac d i s t r i b u t i o n  func t i on  i s  a 
d e l t a - f u n c t i o n ,  i . e . ,  af/aE = - s (E-pQ),  and we have
Fo = %  '  (2 °)
where the s ubsc r i p t s  "o" denote zero temperature.  The Fermi energy can be 
obtained from Eq. (5) ,  which i s  now simply:
‘j t s L  .  „ (2 1 )
3lJo
?3
Before we di scuss  the non-zero temperature case we wish to  comment on the 
p r op e r t i e s  of the funct ion ${E) given by Eq. (19).
F i r s t  of  a l l  we consider  the case where U = 0.  The I n t eg ra t i on  In Eq.
(19) simply gives  the 2D area ,  and the r e s u l t  agrees wi th the known f i e l d - f r e e  
2DEG r e s u l t ,  *(E) say.  If one rewr i tes  Eq. (1) as an in t egra l  involving the 
dens i t y  of s t a t e s ,  D(E) say,  one f inds  tha t  D(E) i s  jus t  the Laplace-Inverse 
of the p a r t i t i o n  funct ion.  According to the d e f i n i t i o n  of 4>(E), which Is 
given by Eq. ( 4 ) ,  the second d e r i va t i ve  of *(E),  V( E)  say,  i s  equal to  the 
dens i t y  of s t a t e s  D{E).^®^ I t  is then not surpr i s ing  to f ind t ha t  the second 
d e r i v a t i v e  of «(E) gives  a s e r i e s  of 6-funct1ons a t  d i s c r e t e  Landau l e ve l s .
Secondly,  i f  U * 0,  one can see from Eq. (19) t ha t  the dens i ty  of s t a t e s  
wi l l  no longer be s-peaks.  To see t h i s  more c l e a r l y ,  we sha l l  f i r s t  cons ider  
an e x p l i c i t  form of the impurity p o t e n t i a l :
U(X,Y) = >snw£(X* + Vi). ( 2 2 )
Also,  we sha l l  ignore higher order  cor rec t ions  which involve i  . Then the 
funct ion  *{E) can be ea s i l y  obtained:
Hence we have
D(E) = V'(E) -
-  < E < ( j r » s ) ^ c . . 1 - 0 , 1 . * (24)
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This r e s u l t  i s  not  d i f f i c u l t  to der ive using a d i r e c t  method. The energy 
e igenvalues  for  an e l ec t r on  in a magnetic f i e l d ,  and subjec t  to a 2D harmonic
When *shwc < E < 3/2hu>c , x ~ 0,  u = 0,1,2*** . I f  we suppose t ha t  t he re  is no 
degeneracy for  each u s t a t e ,  the dens i ty  of s t a t e s  is  simply l /hwJ( which is 
j u s t  what we have obtained in Eq. (24).  When (j-*s)h“v  < E < (j+S)hu , x canv L
be 0 , 1 , 2 ,*** j-J$, while u takes values 0 , 1 , 2 ,***,  which expla ins  the f a c t o r  j  
in Eq. (24).
As revealed by Eq. (24) ,  the dens i ty of s t a t e s  of e l ec t r ons  in a magnetic 
f i e l d  is a l t e r ed  completely by a harmonic p o te n t i a l .  The example discussed 
above can be used as a q u a l i t a t i v e  model for  u l t r a smal l  devices  where boundary 
e f f e c t s  are important .
o s c i l l a t o r  p o t e n t i a l ,  are the f o l l o w i n g ; ^ !
E = (x+*s)huj, + (u+Xj)hu)j, a y 1 * (25)
where
x *u - 0 , 1 , 2 ,***
and
( 2 6 )
In the s t rong magnetic f i e l d  l i m i t ,  << wc , we have
(27)
When 0 < E < *shwc , s ince Eiy > Eq 0  = hence D(E) = 0.
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I t  has been known for  sometime tha t  Landau l evel s  are broadened by 
e l ec t r on - i mpur l t y  s c a t t e r i n g .16~9.11,12) [n Q ^ e r  words,  &-peaks at  each 
Landau l evel s  become peaks of  some other  form, e . g . ,  Gaussian,  when Impur i t i es  
e x i s t .  This kind of broadening 1s d i f f e r e n t  from the one we have j u s t  
d i scussed .  I t  i s  due to the random d i s t r i b u t i o n  of s c a t t e r e r s .  We shal l  
apply the general  formulat ion obtained 1 n th i s  sec t ion  to d i scuss  the case of  
random impuri ty systems in the next  sec t ion .  But before doing so,  we sha l l  
turn t o  a general  d i scuss ion of f i n i t e  temperature e f f e c t s .
At non-zero temperature the E-1ntegrat ion in Eq. (2) has to be performed 
numerical ly,  In genera l .  But in most of the experimental  s i t u a t i o n s ,  the low 
temperature condi t ion  kT<<p 1 s s a t i s f i e d ,  and an a n a l y t i c  express ion can be 
obta ined .  We wr i t e  the r e s u l t  as fol lows.
+ F ♦ F ,St OS ’
+ C 1 * s t  M dE + *os f r 11-  f28 )
where the subsc r i p t s  s t  and os denote the s teady and the o s c i l l a t o r y  p a r t ,  
r e s p e c t i  ve l y .
Since af/aE is  very c l ose  to - s (E-u)  a t  low temperatures  (kT «  g) ,  the 
Steady p a r t  of the f r ee  energy can be r ead i ly  ca l cu l a t ed  from the fol lowing 
formula : 1 1 8 - 2 0 1
= (kT)? ( g) - o ( (kT) l' | , (29)
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where *s t (v) 1 * the s teady p a r t  of the funct ion *(m):
j r '  -
M
In Eq. (29) ,  and from now on, the s uper sc r i p t  "2" denotes the second
( 2 \ ,
d e r iv a t i v e  with r espec t  to p. To c a l cu l a t e  (p) we f i r s t  t r a n s f e r  Eq. (30) 
into 2 0  pola r  coordina te :
♦ s t<-> = Jo" 2Tl* ^ (lJ*a ) RdR G(m.R.«) .  (31)
where G(^,R,q) 1s the integrand in Eq. (30) with
V2 U = -  —  ( r — ) + — ? — f3?i
R sR ' KaRJ R1 aa?,
and R(v, a) i s  the  c l a s s i c a l  turning point :
Ut R(y . a ) , a |  = u. (33)
I t  fol lows t ha t
■ i o '  K I T
* 2R( , ) ( u . » ) ; 5 ( “ , “ ) Rdl!G( ' ) ( „ . R . , )  .  R( ! ) ( , . a )  R( , .«)  GI| . .R(| i ,«) ,«l  I . (31)
When the p o t e n t i a l  i s  i s o t r o p i c ,  G and R in Eqs. (31) and (34) are Independent 
of o.  Thus the a - I n t e g r a t i o n s  give 2*.
Since the o s c i l l a t o r y  par t  of the f r ee  energy involves I n t egra t ions  wi th 
r a p i d l y - o s c i l l a t i n g  func t ions ,  i t  needs to be evaluated with care .  The r e s u l t  
i s  ( see proof in the Appendix D):
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F = r M  |   L U 1  ,*1 C0Sl2_»JLi-uii
05 i  2 "‘ J j=l  s i n h ( ^ M )  1 1
II huc
(35)+ n ’Bi\, MU1c c
In the case where the magnetic f i e l d  is s t rong,  kT << huic , the s e r i e s  
converges very f a s t .  Usual ly,  when the temperature i s  very low, i t  i s  
s u f f i c i e n t  to r e t a i n  one term to get :
f oS -  - I  « *  «- < «  >
* ■ ( s 7 - ) ' ( £ !!) s f n ( M ^ ! U ) ,  , ( t L ) cos( ? i l i i d J } , (36)
c c c c c
The physical  p roper t i e s  can now be r eadi ly  der ived from the knowledge of  
the f r ee  energy by s tandard thermodynamical r e l a t i o n s .  For example,  the 
magnetic moment can be wr i t t en  as fol lows
M -  -<H>p
= .  l ^ ° l \  . ( 3 7 )
1 aB ' aB }
M s M s t . M o s . ( 3 8 )
The e x p l i c i t  express ions  for  Mst  and Mos can be ea s i l y  obtained by 
d i f f e r e n t i a t i n g  Eqs. (30) and (35) with respect  to the magnetic f i e l d .  The 
r e s u l t s  are r a t h e r  lengthy,  and so we r e f r a i n  from wr i t i ng  them down 
e x p l i c i t l y .
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I I I .  Appl icat ion to the system Involving random Impur i t i es :  dens i ty  of
s t a t e s
An Important  physical  s i t u a t i o n  Involves impur i t i es  d i s t r i b u t e d  a t  random 
in the 2D plane.  These impuri ty s c a t t e r e r s  can be e i t h e r  a t t r a c t i v e  or 
r epu l s i ve .
The combination of  Eqs. (4) ,  (9) and (18) now gives ,  Ins tead of Eq. (19) ,
, (E) -  ^  w tg l  u  ( M ,
L 1u* 2 s inh(—2 ^ - ) a 5
where the brackets  mean an ensemble average over a l l  d i f f e r e n t  arrangements of 
the impuri ty s c a t t e r e r s .  To lowest order  in B- ^, we again conf ine our 
a t t e n t i o n  to the f i r s t  term 1n Eq. (39).
The dens i t y  of  s t a t e s  can be obtained by d i f f e r e n t i a t i n g  $(E) twice wi th 
r espec t  to E, which gives
■ n r  s t \ Z  »•  ' 9E - • m
When there  are no impur i t i es ,  11=0, Fq. (40) gives the Landau r e s u l t :
v E> «i>
where Ej = (j+*s)huic is the j - t h  Landau l eve l ,  l / ( 2 n i 2) i s  the degeneracy of 
each Landau l eve l ,  and we have considered a uni t  area.
In the l i gh t  of Eq. (41) ,  the dens i ty  of s t a t e s  given by Eq. (40) can be 
r ewr i t t en  as fol lows:
D(E) = 2^7? 1 J (E ’ E1>-j=0 J
(42)
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where we have def ined a shape funct ion for  each broadened Landau l e ve l ,
J ( E) = <JdXdY 6 (E - U)>
= 27T / c - i l  dB e0E <J'dXdY exP ( - BU)" ■ t « )
Eqs. (42) and (43) give the general  r e l a t i o n s h i p  between the dens i t y
of s t a t e s  of a 2DEG and the average of the impuri ty p o t e n t i a l  wi th r e spec t
to the d i s t r i b u t i o n  of i mpur i t i e s ,  in the lowest order  of the B~^-expansion
and for  long range e l ec t r on - i mp u r i t y  i n t e r a c t i o n s .  An important  f ea t u r e  
r evea led by our theory i s  tha t  s ince  J (£)  is independent of  B, we are able 
to conclude t h a t  for  any impuri ty p o t e n t i a l  and d i s t r i b u t i o n  the shape of  
the level  broadening,  which is given by the funct ion J (E) ,  i s  independent  of 
the magnetic f i e l d  in the s t rong f i e l d  l i mi t .  I t  fol lows l ikewise for  the 
l evel  width.  This confi rms the r e s u l t s  obta ined by Ando^-^  and 
G e r h a r d t s , ^ ^  in the case of long range s c a t t e r e r s .
In gene ra l ,  J(E) can have a l arge va r i e t y  of shapes as one changes 
the impuri ty p o t e n t i a l ,  d i s t r i b u t i o n  and conce n t r a t i on .  The semi- 
e l l i p t i c ^  and the  G a u s s i a n ^ ^  broadenings are specia l  cases .  This 
d i f f e r e n c e  can be explained as fo l l ows .  The impuri ty p o t e n t i a l s  were in 
f a c t  t r e a t e d  as pe r t u r ba t i on  in the SCBA^7  ̂ and the cumulant method,  
whereas we have made an expansion wi th r espec t  to the d i f f e r e n c e  between the 
impuri ty p o t e n t i a l  and i t s  diagonal  elements.  We be l i eve  t h a t  our 
approximat ion wi l l  lead to smal ler  e r r o r s  when the magnet ic f i e l d  is  s t rong 
I see Eq. (12)1.
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The dens i t y  of s t a t e s  given by Eqs. (42) and (43) can a l so  be e a s i l y  
understood by the fol lowing s emi c l as s i ca l  a r g u m e n t . I n  the s t rong 
magnetic f i e l d  l i m i t ,  cen t e r s  of e l e c t r on  cyc l o t ron  o r b i t s  d r i f t  along 
eq u i p o t e n t i a l  l i n e s .  Meanwhile e l ec t r ons  in d i f f e r e n t  Landau l e v e l s  move 
along d i f f e r e n t  cyc l o t ron  o r b i t s ,  which are a l l  very small when the magnetic 
f i e l d  is s t r ong .  Hence broadenings of the Landau l evel s  a re  due t o  the 
p o t e n t i a l  f l u c t u a t i o n  and independent of the magnetic f i e l d .
I t  is not d i f f i c u l t  to  see t ha t  the necessary and s u f f i c i e n t  
cond i t i on  for  J(E) to  be even is
^JdXdY u2 k + 1  > = - <JdXdY U2 k + 1  > = 0 , (44)
(k=0 , l , 2 , . . . )  which means tha t  the a t t r a c t i v e  s c a t t e r e r s  are compensated by 
an equal  amount of r epu l s i ve  s c a t t e r e r s .  In t h i s  case ,  the broadening i s  
symmetric with r espec t  to the level  cen t e r .  In o the r  cases ,  e . g . ,  i f  e i t h e r  
a t t r a c t i v e  or  r epu l s i ve  s c a t t e r e r s  dominate,  the dens i t y  of s t a t e s  w i l l  be 
asymmetric.  This asymet r ic  broadening has r e c e n t l y  been observed by Haug, 
Kl i t z ing  and P l o o g J ^
To i l l u s t r a t e  our r e s u l t  f u r t h e r  we cons ider  the fol lowing two 
spec i a l  cases .  The f i r s t  is the weak s c a t t e r e r  l i mi t .  With the help of the
cumulant e xpa ns i on ! *^  we can r ewr i t e  Eq. (43) as fol lows
= K T  ^c* i” dB fi0E exp <!'dXdY exp(-eU) * . (45)
[ ? 3 !where < ' - ‘>c is  the cumulant average . '  ' In the weak s c a t t e r e r  l i m i t ,  we 
need to  keep only the f i r s t  two terms in the cumulant expansion.  The f i r s t  
terms is ( - 0  JdXdY U), wh ich simply gives a s h i f t  of zero energy and wi l l  be 
neg l ec t ed .  With the second term the dens i t y  of s t a t e s  p r o f i l e  becomes
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Gaussi an
J ( t )  = ( 2 / o V r  exp| -2fET/r)2 j . (46)
where the level  width is given by
r = ?.\ <JdXdV U2> 1̂* . (47)
This l evel  width was a l so  obtained by Ando and D e m u r a ^ ,  where a 
p e r t u r b a t i o n  expansion was employed (see Eq. (3.12)  in Ref.  7] and the 
den s i t y  of s t a t e s  was shown to be s e m i - e l l i p t i c .  The Gaussian de n s i t y  of 
s t a t e  given by Eq. (46) was f i r s t  obtained by G e r h a r d t s . ^ ^
We sha l l  now cons ider  the second spec i a l  case where t he re  e x i s t  equal  
amounts of a t t r a c t i v e  and r epu l s i ve  s c a t t e r e r s .  Hence the  impuri ty 
p o t e n t i a l  has the fol lowing f o r m : ^
U(W) = cqjU(R - Rj) , (48)
where R i s  the s i t e  of  the j - t h  impur i ty,  which i s  d i s t r i b u t e d  at  random in 
space with the average dens i t y  n,  u(R) is  the impuri ty p o t e n t i a l ,  and the
charges  take value ± 1 with equal p r o b a b i l i t y .
In t h i s  case the cumulant average in Eq. (45) can be c a r r i e d  out  wi th 
the help of "the famous formula" given in Ref.  4. The shape func t i on  is
= 2*T ^ c - i ® ^ 8  eSE exP l n JdXdY(cosheU - 1)] . (49)
Therefore  J(E) is  even,  which means t ha t  the level broadening is symmetric.  
This is  not s u r p r i s i n g .  Since Eq. (44) holds for  t h i s  impuri ty p o t e n t i a l  
given by Eq. (47).
3 2
In the  weak s c a t t e r e r  l i m i t ,  we can expand the cosh in Eq. (49) and 
ob ta in  again the Gaussian broadening given by Eq. (46).  The level width i s  
now simply.
2 (n JdXdY li2 )1* . (50)
VJe emphasize again t h a t  r does not vary with the magnetic f i e l d .
In the fol lowing we sha l l  cons ider  a spec i a l  form of  s c a t t e r i n g  
p o t e n t i a l ,  namely,  the Gaussian p o t e n t i a l :
2
u( R) = exp(~ , (51)
■n a a
where V and a are the measures of the p o t e n t i a l  s t r eng t h  and range,  
r e s p e c t i v e l y .  S ub s t i t u t i n g  into Eq. (51) Eq. (50) we ob ta in  the landau 
level  width in the case of a Gaussian po t e n t i a l
r 2 ‘ * - 4 - .  (52)
n a
As i s  shown in Appendix E ,  the s ca t t e r i n g  l i f e  t ime of an e l ec t r o n  in the 
absence of  the magnetic f i e l d ,  i s  given by
1 nmV2  _ , 2, 2 , , , 2, 2 v , r „
7  = — 3 -  exp( -a  k f ) IQ(a kf ) . (53)
where kj, = (uNP i s  the  Fermi wave vec t o r ,  IQ(z) is  the ze r o - t h  order  Bessel
func t ion  wi th imaginary va r i a b l e s .
Since the s c a t t e r i n g  l i f e  t ime t i s  p ropor t i ona l  to the e l e c t r o n  
mob i l i t y  m£ , i . e . ,  ge - e-i/m, which is d i r e c t l y  measurable,  i t  i s  useful  to 
express  the l evel  width in terms of \ and pe - Combining Eqs.  (52) and (53) ,  
we ob t a i n  the Landau level  width in our theory:
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2  2  J* ? c ®
r = 2 (~) = 2 (‘ ) 4 —  • (54)*'  ma-t n ' t ,  '  'm a ue
where we have used the asymptot ic form for  the Bessel  funct ion
t n (z ) * ^XP^Zl  . for  l a r 9e 2 . (55)
s ince  we are concerned here with long range p o t e n t i a l s ,  i . e . ,  akf >> 1 .
I f  we adopt the da t a  of Br^-graphi t e  i n t e r c a l a t i o n  compounds^^3 , 2 4 l (
N = 2.6 x 101 3  cm"2-, (m/m0 ) = 0 . 11 ,  = 1.3 m2 /V-s ,  and we choose
(a/e.) = 10, where i i s  the cyc l o t ron  r ad i us ,  we f ind t h a t  r = 1.22 meV. 11
is  in good agreement wi th the observed level  width r = 1.4 m e v J ^ 3  ^
We now compare our r e s u l t ,  i . e . ,  Eq. (54) ,  with the shor t  range 
s c a t t e r e r  cas e ,  where
u(R) = V4 fi(2) (R) . (56)
2 (2 ^I t  i s  understood t ha t  fd R J (R) = 1. The corresponding s c a t t e r i n g  l i f e  
t ime i s
1 n,nVA
(57)o Y>
Eqs. (56) and (57) may be obtained from Eqs. (52) and (53) by l e t t i n g  a  ̂ 0 
and V ■* V . Ando and U e m u r a ^  showed t h a t  in the SC8 A the  level  width canO
be c a l c u l a t ed  as fol lows
r!  -  f  ►‘“ c - <5 8 >
0
I t  wi l l  be of  i n t e r e s t  to compare the level  widths p r ed i c t ed  by both 
t h e o r i e s ,  i . e . ,  Eqs. (54) and (58) ,  for  the same sample,  i . e . ,  t = t , . I tC
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is easy to de r i ve  t ha t
>1/4 / 9„ v l / 2r , ,  ,1 /  . . , 1  ,a .—  = ( 2 ™) (akf ) ( - )
6
= 3 4  /-------N------ ,1/4  ,___B____\ - l / 4  ,
V  \ A 2  -?> M Tes la '  • tby)10 cm"
If we t a k e ^ ^ ^  N = 5.4 x 1 0 ^  cm"^, B = 5 Tes la ,  and choose ( a / a )  = 10, Eq.
(59) gives  ( r / r  ) = 0 .6 .5
11/. Conclusion and Discussion
We have der ived a general  express ion for the f r ee  energy of a 2D 
degenerate  e l e c t r o n  gas in the s t rong magnetic f i e l d  l i m i t .  The e f f e c t  of 
an a r b i t r a r y  p o t e n t i a l  in add i t i on  to the magnet ic f i e l d  i s  incorpora ted in 
our formula t ion ,  under the assumption t ha t  the i n t e r a c t i o n  range i s  much 
longer compared to the cyc lo t ron  r ad ius .  The r e s u l t s  obta ined in Ref.  4 are 
extended to  the case of  Fermi s t a t i s t i c s  and a l l  Landau l e v e l s .
Our r e s u l t s  are appl ied to  a system involving random i mp u r i t i e s .  We 
showed c l e a r l y  how the Landau level  broadening i s  d i r e c t l y  r e l a t e d  to  both 
the form of  the impuri ty po t e n t i a l  and the d i s t r i b u t i o n  of i mp u r i t i e s .  By 
r e t a i n i n g  the  lowest order  term in our sys temat ic  B“ ^-expansion,  we have 
shown tha t  the broadening induced by e l ec t r on - i mpur i t y  s c a t t e r i n g  wi th long 
range i n t e r a c t i o n s  i s  independent  of the magnetic f i e l d  in the s t rong f i e l d  
l i m i t ,  which confirms the  r e s u l t s  in the 1i t e r a t u r e . ^  In g ene r a l ,  
broadened Landau l eve l s  can have a large v a r i e t y  of shapes as one changes 
t he  impuri ty p o t e n t i a l ,  d i s t r i b u t i o n  and conce n t r a t i on ,  the s e m i - e l l i p t i c
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and the Gaussian broadenings being specia l  cases .  The broadening is
symmetric with r espec t  to the level  cen t e r  only when the a t t r a c t i v e
i mpur i t i e s  a re  exac t ly  compensated by the r epu l s i ve  i mpur i t i e s .  By using a
Gaussian p o t e n t i a l ,  the Landau level  width is ca l cu l a t ed  e x p l i c i t l y  and is
r e l a t e d  to the low-temperature mobi l i t y .  Our theory leads t o  a good
agreement with the Br j - g r aph i t e  exper iment , for  both the magnitude of
the  level  width and i t s  independence on the magnetic f i e l d .
The over lap of Landau l eve l s  is important  in the shor t  range
c a s e . ^ ’ * ^  But we have shown t ha t  the over lap e f f e c t  is n e g l i g i b l e  in the
case of  long range p o t e n t i a l .  P r ec i s e l y ,  the over lap of ad j acen t  l e v e l s ,
4
which dominates the overlap e f f e c t ,  int roduces  only a t -order
c o r r e l a t i o n  (see Eq. (1?) and Appendix A}.
Cont r i bu t ion  of h igher  order  terms in our expansion [Eq. ( 3 9 ) j wi l l
be the sub jec t  of  fu ture  i n ve s t i g a t i o n s .  However, we expect  t h a t
c o r r ec t i on s  to var ious  phys ica l  p r o pe r t i e s ,  such as the Landau level  width,
wi l l  be of the order  B"*, or h i g h e r .  Therefore the /B-dependence of the
I I ? Ilevel  width observed in GaAs/AlGaAs h e t e r o s t r u c t u r e s 1 1 should not be a
consequence of  e l ec t r on - i mpur i t y  s ca t t e r i n g  with long range i n t e r a c t i o n s .
The ques t i on  how to expla in  t h e o r e t i c a l l y  the observed l a rge  Landau 
level  broadening and the /B-dependence of the l evel  width remains open.  So 
f a r  we have considered only a non- i n t e r ac t i ng  e l ec t r on  gas s c a t t e r e d  by 
random i mp u r i t i e s .  To expl a in  the observed level  width t h e o r e t i c a l l y ,  one
I i
obviously has to include o the r  e f f e c t s ,  such as e l ec t ron-phonon 1 1 and 
e l e c t r o n - e l e c t r o n ^ l  i n t e r a c t i o n s .  As a mat ter  of  f a c t ,  i t  has been shown 
r e c e n t l y  t h a t  e l ec t ron-acous t i c -phonon  s c a t t e r i n g  indeed give  a l evel  width
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I pc ]
which has a rough /B-dependence.  1 1  But the t h e o r e t i c a l  value for  the 
l evel  width i s  r a t h e r  small  in comparison with the measurement .  Our f u t u r e  
work wi l l  be on the combined e f f e c t  of e l e c t r o n - i mp u r i t y  and e l ec t ron-phonon 
s c a t t e r i n g s .
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Appendix A. Proof of  Eq. (16)
A spec i a l  case where n=0 i s  considered 1n Ref.  a. Hence we need to f i nd  
the  proof fo r  the cases  where n > 1 only.  Eq. (12) Ind i ca t es  t h a t  V mixes 
only adj acent  Landau l evel s  In the s t rong-magne t i c - f Ie ld  l i m i t .  We have t h a t
<n IV(t ,) V ( t 2 ) |n> = < n | V ( t , ) | n - l > <n - l | V ( t j ) | n >
+ <n|V{t j ) |n+l><n+l |V( t2) |n> + 0 (1“)
The opera t o r s  U (X,Y) and V ' (X,Y) appearing in Eq, (A. l )  do not  commutem Vi § n
s i nce ,  by d e f i n i t i o n ,
But here we are i n t e r e s t ed  in the s t r ong - f i e l d  l i m i t ,  so we sha l l  negl ec t  t h i s  
non~coirmutativ1ty, s ince  i t  leads to high terms 1n i 2. Then the i n t e g r a t i on  
over  t j  and t ; can be r ead i ly  ca r r i ed  out  and we obta in
' te*p(t.U„)Vnr,_l V„_1>n e*p(-t,Un)
* Vn,l explUn+l<‘l2-t->1 Vl.n
* exp | -h«c ( t , - t j ) ]  + 0 ( 1 - ) , (A. l )
where
Vn , n ' (X*Y) = <ntV,n >* (A.2)
|X,Y) = i i s . (A.3)
< n | S ( 6 ) | n >  = 1 + + TK| TyT] M g  | ( g ) ,  + ( g ) > ]  + o ( i 6 ) . (A.4)
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In the process  of der iving Eq. (A.4) we have used the fol lowing r e l a t i o n s :
' V - H l 1’ ■ I V l . n l ’ * I T & T  ' O ’ + (I ? ) ’ 1 + « ( * ' ) •  <A-5 >
and
^n - 1  " " h“ c = + (A.6 }
Eqs. (A.5) and (A. 6 ) can be e a s i l y  der ived from Eqs. (12) and (17) ,  
r e s p e c t i v e l y .
Appendix B. Proof of Eq. (17)
The specia l  case where n=0 is discussed in Ref. (4 ) .  When n > 1, the 
proof is s i m i l a r ,  but r a t he r  lengthy.
By d e f i n i t i on  we have
Un = <n|U(X+Q, Y-P) |n>, (B. l )
and
|Q,Pi  = i t* , P = - i ^  (B.2)
Following Ref. 4, we f i r s t  express U(X-K), Y-P) in the Weyl '27' form:
Li(X+Q, Y-P) = JdadT Q(a ,^ )e iC“ X+TY)e 1(a(}' Yp) (B.3)
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The range of i n t e g r a t i on  1n t h i s  Appendix always goes from -» to +», Recal l ing 
tha t
exp(it»Q - i YP) = exp(iaQ) exp(-iyP) exp(-1aYi V 2 ) . (6*4)
and
exp(aa /ax) f (x )  = f (x+a) ,  (8 .5)
we ob ta in
Un = JdQi*(Q) U(X+Q, Y-P) *n (Q)
3 JdadYU(a,y)e,(a)<+1rY)Dn , (8.6)
where ijn (Q) i s  the e i gen- func t i on  given by Eq. (10),  and
°n 5 Nn J’dQ Hn C?  " Hn(?> expi~ ^ ^ 2 + 1 ( a Q - ^ )  I , (B.7)
n   L
Nn = (*) ^ (2 n ! t )  ’  being the normal izat ion cons tan t .  A s tandard way to  
car ry  out  the i n t eg r a t i on  in Eq. (B.7) 1s to Introduce the genera t ing funct ion 
f o r  the Hermite polynomial
G(x.S) - exp(-S?+2xS), (B. 8 )
so t ha t
Hn ^  = 7tS ) s=o - (b -9 >as
Hence Eq. (B.7) can be r ewr i t t en  into the fol lowing form:
Dn = J"dx Hn^xl Hn(X"a * « P l - ( x - c ) 2l exp | -
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= i N n * e x p t -  ^ b z) U - l ! L a ! ! - | dxG(XtS[) G ( x - a . S j )
3 S | SS 2
• exp I-  (x -c ) 3 ] 1 1si =o,S 3 “0*
Here we have introduced the following q u a n t i t i e s :
x = Q / i ,  a = y i ,  b - ( iv,  c = ( a + ib ) / 2 .
The x - i n t e g r a t i o n  in Eq. (B.10) is s t r a igh t fo rw a rd ,  leading to 
/ ti exp |2 (S , -c* ) (S j+c )  + 2 1cj21 .
S u b s t i t u t in g  Eq. (B.12) Into Eq. (B.10),  we obtain
Dn = HT expl ' l c ! *1 r c i ( - 2 )J | c | 2jn ( n- l ) - ** ( j + l ) .  n n. j =Q n
Here we are in t e r e s t e d  in the f i r s t  two lowest order terms in i 2 only,  
we sha l l  keep those with j=0,  1, then s u b s t i t u t e  them Into Eq. (B . 6 ) .
Un (X,Y) = [dadvU(a,v)e1(aX+TY)i l  - (2n+l)  ( ^ J ^ - ) } . 
which is equ iva len t  to  Eq. (17).
Appendix C. Proof of Eq. (19)
S u b s t i t u t in g  Eqs. (9) and (18) into Eq. (4 ) ,  we ob ta in ,  to  order  
♦(E) = JdXdY x(E) /2«i*,
(B.10)







I f  E-U < 0,  we c lose  the in teg ra t ion  contour with a sem i -c i rc l e  in the r i g h t  
ha l f  of the complex plane.  According to Jo rdan 's  lemma, the co n t r ib u t io n  
along the sem i -c i r c l e  is zero when the rad ius  of the c i r c l e  tends to 
i n f i n i t y .  Hence x(E) in Eq. (C.2) vanishes ,  s ince th e re  i s  no s in g u la r  po in ts  
ins ide  the contour .  Thus we shal l  a t t ach  a fac to r  o(E-U) to the f i n a l  r e s u l t ,  
where o(x) is  the un i t  s tep func tion .
If  E-U > 0, we choose to close the contour with a sem i -c i rc l e  in the  le f t
ha l f  complex plane,  again making use of Jordan 's  lemma. Hence t ( E ) ,  given by
Eq. (C.2) ,  i s  equal to the summation of a l l  residues  of the Integrand Inside
the contour.  The Integrand is s ingu la r  a t
c
(C.3)
The c a l c u l a t i o n  of the res idue  i s  s t ra igh t fo rw ard .  The r e s u l t  1 s the 
following:
(C.4)
Here J = 1,2,***.  The res idue  a t  j  = o has to be ca lcu la ted  s e p a ra t e ly ,  s ince 
the corresponding s in g u la r i t y  is  of a d i f f e r e n t  order.  We have
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c c
Then Eq. (19) can be obtained by combining Eq. (C.l)  and
X(E) - + £ (y-  + y j)-  (C. 6 )o J -J
Appendix D. The Proof of Eq. (35)
To evalua te  the o s c i l l a t o r y  pa r t  of the f ree  energy we need the fol lowing
in t e g ra t i o n :
1 - C  cosl^ ^ E-^>l f f l t .  (D.l)
C
We cannot use Eq. (29) in t h i s  case ,  s ince the cos function  o s c i l l a t e s
around ji, so we do 1 t  1 n the fol lowing fashion:
12j , (M-U)/h« 21J*(E-U-w)/hwc
Ji  “  ’ R e ( e  B ^  , e ( E - U - m> s / 2 + e - ( E - U - i i > B / 2 j a 1
12J«(v-U)/h«c _  4,1jZ/flhwc
s “ 2 ^ ^  J-b(m-U) / 2  coshj Z dZ)’
where Re [ ) means the rea l  pa r t  of [ ] .  The lower l im i t  of the In teg ra l  
can be rep laced by - « when bu = j^j »  1 . Then the path of the In te g ra t io n  
can be closed by the upper semic i rc le  and the In tegra l  can be evaluated by the sum 
of the re s idues  of the second order poles at  Z = 1(n + ^ )x ,  n =« 0 ,1 ,2 ,*** .  
Replacing Z by y = Z - 1(n + ^ )n ,  and putt ing  cosh Z = 1 ( -1 )Z sinh y ,  one 
ob ta ins
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C  - ccsWt
4*ijy/ahwc
x  ̂ s inh*y ^
- Z , * j / a h «
,  _ e ____________ “___. , 8 n;
-4 it1 j/phai ‘ x  ̂ Bhw ' 
1 - e c c
4ti2 j/huicB




. cos [ 2 ^iii izUi,
VlnhfZnj/Bhujy co 1 huc **
To prove Eg. (35) we sha l l  a l so  need another in teg ra l  
J j  ■  C  < E - U )  S l - . | ^ ^ 1 |  f f l E .
We can ob ta in  J j  by observing tha t
hu 31.  
J j  = ' < 2 ^  9j
s )n h ( 2 w 1 j/ah(j )
v
flhu hu.




( 0 . 6 )
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Appendix E.
The S c a t t e r in g  Life Time with Gaussian Random P o te n t i a l  in the 
Absence of  Hagnetid F ie ld s
In the  lowest o rder  Born approximation,  the e l a s t i c  s c a t t e r i n g  cross  
s e c t i o n  of  a two-dimensional  e l e c t r o n  a t  the Fermi level  in a p o t e n t i a l  u(R) 
and in the absence of magnetic f i e l d s  is  given
For the Gaussian p o t e n t i a l  given by Eq. (51),  the cross  s ec t i o n  is e a s i l y  
c a l c u l a t e d :
The s c a t t e r i n g  l i f e  time i s  inve rse ly  p ro por t iona l  to  the impuri ty d e n s i ty  
n, the e l e c t r o n  v e l o c i ty  vf , and the t o t a l  s c a t t e r i n g  c ro s s  s e c t i o n  o:
a(e)  - 2 T  [2~1]2 lC  U(R) J o (SR) R d R ] 2  ■f |i ( E . l )
where kf i s  the e l e c t r o n  wave vec to r ,  0 is the s c a t t e r i n g  angle ,
(E.2)
is  the Bessel func t ion  of order ze ro ,  and
S = 2 s in  . (E.3)
(E.4)
1
(E.5)T nvf cr .
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In t e g r a t i n g  Eq.
where
.4) with r e sp ec t  t o  the s c a t t e r i n g  angle we ob ta in
<j =■ i 2q'  o(g) de
2 2 m V
) exp ( -a 2 k2) (a 2 k2) (E.6)
1 2tlI0 (z) = { exp(z cose)  do
o
j=0 (J! )
< § r j2  '2> (E . 7)
is  the z e ro - th  order  Bessel func t ion  with imaginary v a r i a b l e s .  S u b s t i t u t i n g  
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Sumary
P a r t  A of t h i s  d i s s e r t a t i o n  i s  on the  t h e o ry  of  t h e  p h a s e - s p a c e  
f o r m u l a t i o n  o f  quantum mechanics (PSFQM) and some of i t s  a p p l i c a t i o n s  to  
a t h r e e - d i m e n s i o n a l  Fermi g a s .  The l a t t e r  t i e s  i n  w i th  P a r t  B, which i s  
devo ted  to  v a r io u s  low - tem p era tu re  p r o p e r t i e s  of  a tw o-d im ens iona l  
e l e c t r o n  gas  i n  a magnet ic  f i e l d .
An a p p a re n t  d i s c r e p a n c y  r e c e n t l y  r e p o r t e d  by o t h e r s  between r e s u l t s  
o b t a i n e d  by the  p h a s e - s p a c e  f o r m u l a t i o n  of  quantum mechanics  (PSFQM) and 
t h e  c o n v e n t io n a l  (S c h ro d in g e r )  quantum mechanics  i s  shown to  o r i g i n a t e  
from a misuse  of  the  PSFQM. A p r e c a u t i o n  needed in employing th e  PSFQM 
is  a d d r e s s e d .  As a b y -p ro d u c t  of t h i s  d i s c u s s i o n ,  c lo s e d  fo rm ulae  fo r  
t h e  smoothed Wigner d i s t r i b u t i o n  f u n c t i o n s  f o r  bo th  a pure  s t a t e  and a 
c a n o n i c a l  ensemble o f  harmonic o s c i l l a t o r s  a r e  d e r i v e d .
The Wigner-Kirkwood expans ion  i s ,  f o r  th e  f i r s t  t i m e ,  g e n e r a l i z e d  
i n t o  t h e  low, bu t  n o n -z e ro ,  t e m p e ra tu r e  reg im e.  I t  i s  th e n  employed in a 
d i s c u s s i o n  o f  s u r f a c e  e f f e c t s  on t h e  d ia m a g n e t i c  s u s c e p t i b i l i t y  and 
o t h e r  p r o p e r t i e s  of  a low - te m p e ra tu re  e l e c t r o n  g a s .  The g e n e ra l  
f o r m u l a t i o n  d e r i v e d  can a l s o  be a p p l i e d  to o t h e r  k in d s  o f  Fermi gas 
c o n f in e d  i n  an e x t e r n a l  p o t e n t i a l .  As an i l l u s t r a t i o n ,  the  m od i f ied  
Thomas-Fermi t h e o ry  in n u c l e a r  p h y s i c s  i s  ex tended to  inc lude  
t e m p e r a t u r e  e f f e c t s .
Var ious  p h y s i c a l  p r o p e r t i e s  in c lu d in g  th e  m agne t ic  s u s c e p t i b i l i t y  
and th e  Fermi energy  o f  a tw o-d im ens iona l  e l e c t r o n  gas  (2DEG) in th e  
s t r o n g  m agne t ic  f i e l d  and the  low te m p e r a t u r e  l i m i t s .  Comparison between 
the  p r e s e n t  and e x i s t i n g  r e s u l t s  a r e  made.
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A phenomenogical  t h e o ry  on the  e f f e c t  o f  Landau l e v e l  b ro ad en in g  1s 
deve loped  f o r  a 2DEG in  a magne tic  f i e l d .  I t  i s  shown how measurements 
of  t h e  s t e a d y  p a r t  of  the  magnetic  moment and th e  s p e c i f i c  h e a t  may 
p r o v id e  new i n f o r m a t io n  about  th e  m a g n e t i c - f i e l d  and t e m p e r a t u r e  
dependences  of  t h e  Landau l e v e l  w id th .  A p a r t i c u l a r  case  o f  Gauss ian  
b roaden ing  i s  d i s c u s s e d  in d e t a i l .
A ge n e ra l  e x p r e s s i o n  is  d e r iv e d  f o r  the  f r e e  energy  o f  a d e g e n e r a t e  
2DEG in  t h e  s t r o n g  magnet ic  f i e l d  l i m i t .  The e f f e c t  o f  an a r b i t r a r y  
p o t e n t i a l  in a d d i t i o n  to  th e  magnetic  f i e l d  is  i n c o r p o r a t e d  under  the  
a ssum pt ion  t h a t  th e  range  of th e  p o t e n t i a l  i s  much longe r  compared t o  
the  c y c l o t r o n  r a d i u s .  I t  i s  then  a p p l i e d  t o  a system in v o lv in g  random 
i m p u r i t i e s .  Landau l e v e l  broaden ing  i s  shown t o  be in dependen t  o f  th e  
m agne t ic  f i e l d  in  th e  case  of long - range  i n t e r a c t i o n .  In g e n e r a l ,  the  
b roadened  spec t rum l i n e s  can have a l a r g e  v a r i a t y  of s h a p e s ,  depending  
on th e  im p u r i ty  s i t u a t i o n s .  Good agreement i s  a ch ieved  w i th  t h e  
e x p e r i m e n t a l  r e s u l t  on B ^ - g r a p h i t e  i n t e r c a l a t i o n  compounds.
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We explain the origin of the apparent discrepancy recently reported  betw een results obtained by 
the phase space form ulation of quantum  m echanics and conventional (Schrddinger) quantum  
m echanics. We show how to arrive at a com plete agreem ent.
I. Introduction
Recently there has been renewed interest in applications of the so-called 
phase-space formulation of quantum  m echanics1) for both equilibrium 2) and 
non-equilibrium phenom ena5). Its basic feature is to provide a framework for 
the treatm ent of quantum  mechanical problem s in terms of classical phase- 
space language. Following the appearance of the well-known Wigner distribu­
tion function1), many o ther distribution functions have been considered. For 
instance, there is anti-norm al ordered (sm oothed W igner distribution*) and the 
norm al-ordered5) (P-)distribution functions, the anti-standard-ordered'1) and 
the standard-ordered7) distribution functions. Each of those distribution func­
tions was created for a particular purpose. In most cases, the W igner distribu­
tion function is the simplest one to  use® 10). But it can assume negative values. 
The sm oothed Wigner distribution function (SW D F) is obtained by convolu­
tion of the W igner distribution function with a phase-space Gaussian function 
and is always non-negative.
It has been reported  recently11) that employment of the SW DF in calcula­
tions for nonlinear systems, such as an anharm onic oscillator and the hydrogen 
atom , causes severe discrepancy with the results obtained by standard (Schrod- 
inger) quantum  mechanics. We are able to show that this disagreem ent may be 
attributed to an incorrect use of the SW DF. It is the purpose of the present 
paper to clarify this point and illustrate how to obtain correct results by use of 
the SW DF
0378-4371/87/$03.50 ©  Elsevier Science Publishers B.V.
(N orth-H olland Physics Publishing Division)
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2. Ensemble averaging via the phase-space representation of quantum 
mechanics
We shall start from a general point of view of the phase-space representation 
of quantum  mechanics and return later to the case of the SWDF.
Suppose p is the density operator and i l (u,  v) is an arbitrary function, a 
phase-space distribution function ) may then be associated with p.
The ranges of integrations in this paper are always from to + * .
The phase-space distribution function defined by eqs. ( i )  and (2) is nor­
malized:
P) = T r [ p i 'm (<7 -  q, p  ~ p )] , ( 1 )
where
x exp - i (n ( q  ~ t j) + v ( p  ~ p))  h d u d u .  (2)
(3)
If one associates an arbitrary operator B (other than p)  with its phase-space 
representation by:
bw '(q, p) ~ 2 irh T r [ f l J u n (^  -  q. p - p ) | . (4)
where
S~i(u, v) = |/2 ( — u, -  e}| 1 , (5)
one can calculate the expectation value for B through the following “ classical” 
formula:
( f t ) -  Tr( p B)
= j j h i“ )( q , p ) r ' l , ' ( q , p ) <i qdp .  (6)
Fach phase-space distribution function defined by eqs. ( I )  and (2) is
PHASE-SPACE OK QUANTUM MECHANICS 203
characterized hy Si(u,  u), which is often called the filter function. The problem  
of expressing an operator in an ordered form according to a prescribed rule is 
equivalent to an operator-phase-space-m apping through an appropriate filter 
function SI, whereas SI corresponds to the inverse order. Simply for con­
venience, we call eqs. (1) and (2) the /2-mapping. Hence if one wishes to use 
Pa>\ q ,  p),  which is obtained from a /2-m apping, to  evaluate the expectation 
value of B , one has at the same time to use a SI -mapping to derive the 
phase-space function for B  (apart from a factor (2 irh) in eq. (4)).
For example, if we consider the simplest case where
//(« , o) = /2(w, l/) = l , (7)
then eqs. ( I )  and (2) lead to the famous W igner distribution function P„. say:
z h i f i * -  i  N t +I ) c<p(-T£) d" (#)
Because of eq. (7), eq. (4) reduces to eq. (8) (without the factui (2ivA) ') ,  
with B, bK replaced by p , P„, respectively. In o ther words, the distribution 
function and the phase-space function for any arbitrary B are obtained through 
the same operator-phase-space-m apping, in this and only in this special case. 
Only the Wigner representation has the following property for arbitrary 
functions Fj(jr) and F\(jr):
If B = Ft( q )  + P2( p ) ,  then b„(q,  P) = f i(</) + FA P) (9)
A nother phase-space distribution function that we are concerned with here is 
the anti-norm al-ordered distribution function4), Pa, say, which is obtained by 
chousing
Si(u, r )  = exp J _ ( «
4 ft V S ( 10)
where 8 > 0  is a param eter, PA(q,  p)  can also be obtained by convoluting 
P) a phase-space Gaussian:
P^ q ' p ^ = 1 1  ' P '> exP l- 6 U  "  ~ ( P ~  P' )2/SA\dp'  dq'
( 1 1 )
Hence Pa is also called the sm oothed W igner distribution function (SW DF). 
It is not difficult to  show (see eqs, (1) and (2)) that the relation between two
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different phase-space distribution functions is the following8):
p> n , ( i h a i d q , \ h d i d P) M ' P i -  yl z >
Hence the relation between the Wigner and the SW DF (anti-norm al-ordered 
distribution function) is given by 8 ")
-.2
**.<?. P) = exp‘ "
h ( I d 2 . d* ,
Also, if one wishes to  use the anti-norm al-ordered distribution function, one 
has to use the phase-space function corresponding to norm al-ordering for any 
o ther operator B:
b . U . p )  = e*p[ -  J  ( 1  ^  + s  j L ] ] m , ,  p ) , (14)
in order to calculate ( B )  through
( B )  = T r ( p  B)  = J j  P J q ,  p ) b , ( q ,  p)dq<3p (15)
Now we are ready to do an explicit calculation using the SWDF. Let
l \B(q ,  P)l  = j  j  B(q,  p ) Pt(q,  p ) d q d p  (16)
We wish to  emphasize here that t [B(q,  p ) |  is, in general, not the expectation 
value of the operator B(q,  p) .  From eq. (14) we conclude that B(q,  p)  is not 
equal to bm{ q , p)  unless B ( q , p )  is linear in both q and p\  in other words
( B( q ,  P) )  *  I[B(q.  p)]  , unless B ( q , p )  = C xq + C2p  (17)
The discrepancy between the phase formulation and the conventional quantum  
mechanics found in ref. 11 is a result of the neglect of this subtle point. We 
shall dem onstrate below how to obtain the correct answer via SW DF, for the 
average energy of the system, say.
Suppose the Ham iltonian is H  = p l l m  + V(q) ,  which is of the same form as 
eq. (9). Hence the W igner function for this Hamiltonian is simply
P) = q2H m  + V( q) . ( 18)
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Substituting eq. (18) into eq. (14) we obtain the corresponding phase-space 
function when the SW DF is to  be used:
-  ( I ; - s )  + .? , ( - s ) 's  •""<*>• <«•
where V i2n\ q ) := d2r’V( q ) / dq2n. The expectation value of the Hamiltonian can 
be calculated by using eq. (15). The average potential energy is
{ V { q ) ) = \ \ d q d p [  i o ( “ ^ )  j J i * '12",U ) ] / \ ( f l , / » ) .  (20)
Using the relation proved in appendix B:
j j d q d p  V{ q ) PJ q .  p ) = 2  ( ^ ) ‘ ~  <V'2t' ( q ) ) OM , (21)
where
F »om  = <*1^9.  p ) k ) OM (2 2 )
is the expectation value calculated from conventional quantum  mechanics, we 
obtain
( V ( q ) ) =  2  i  ( - l ) ' ( l )  t A t  ( ^ 2" + 2* '(9 ))o m  (23)
If wc change summation indices from (n, k)  to (/ = n + k , k),  we get
( v m ’ k  [ .? „< -» ■  ' ,24)
We notice that the quantity in the square-bracket is in fact (1 -  l ) ;/f!, which 
vanishes unless / = 0. Hence
< V ( q ) ) = { V { q ) ) OM, (25)
in complete agreem ent with conventional quantum  mechanics. Similarly one
has
j  j  d q d p  p 2Pm(q,  p ) =  ( p 2) OM + y  (2f>)
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Thus the average kinetic energy is
again in accord with conventional results.
3. Conclusion
As we have seen, the phase-space m ethod gives the same results as conven­
tional quantum  mechanics. This is not surprising, since the phase-space method 
is just another formulation, historically the fourth, of quantum  mechanics.
We shall not discuss the “discrepancy” in the case of hydrogen here. In fact, 
an exact solution for the hydrogen problem  via phase-space method has been 
recently rep o rted 12).
In conclusion, we note that although the Wigner distribution function for an 
harmonic oscillator system has been know n13u) for a long time, there have 
been few attem pts to evaluate the corresponding SWDF. A result for pure 
state is given in ref. 11, but it is in a form of series involving four summations, 
which is, of course, rather awkward. Since the harmonic oscillator is one of the 
few exact-soluble systems known, we feel that it is of interest to obtain a better 
result for its SWDF. A fter considerable algebra, we were able to derive closed 
formulae for both pure state and canonical ensemble at tem perature T  (see 
appendix A).
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Appendix A
SWDF for pure state of  a harmonic oscillator and an canonical ensemble of  
harmonic oscillators at temperature T
The W igner distribution function given by eq. (8) can be rewritten as
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follows:
P) = ^  J e  ”p$*(q  -  + s tA )c J t ,
where (/'(g) is the wavefunction of the system considered. 
C artw right1*1) introduced a more general form for the SWDF:
P) = j  j  d q ' d p 1 P J q ,  p ) G a0(q -  q \  p -  p ‘) , 
with a two param eter phase-space Gaussian
<A 1)
■, (aP)i2  G (q,  p)  = exp -  + 0 /C)]
(A .2)
(A .3)







f i x ,  q,  P)  = <K(c) exp| -  ( «  + ^  + ip) ^ ] . (A .6)
In our case, a  = 5 = I f f i .  y  = 0, eqs. (A .4) and (A .i)  reduce to their 
simplest form:
and
f i x ,  q,  p)  = tl>*ix) exp | -  + (5? + ip) ^ j
(A .7)
(A .8)
Now we consider the explicit form of the wavefunction for the nth  level of a 
harmonic oscillator:
«/,„(*)= Nn e *■•*■■2H n( \ x ) , (A .9)
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where H„ is the nth H erm ite polynomial and
In order to carry out the integration in eq. (A .7), we use the generating 
function for the Herm ite polynomial
C,(Z, r) = e £  Hn{f -  tn (A. 11)
n H) n  •
to  rewrite the integral as follows:
J  / d . r  = N„ j  dx H„{>tjt)exp[ +  y ) j r 2  +  ( 5 - ?  -  ip) ^  ]
* A'"Si l.-,JG(* '•* “ p[(i + y)»’+ (*, + >,,) i]d» 
■ ' V- M  . . ( s )  e,,p[ ‘ ( , “ i > ) ' '  + 7 J ' + ^ ] -  (A-,2>
where D = b!2h + A2/ 2 and a ~ (8q + ip )/ A.
Introducing a new variable by t ’ = Si and S = {1 -  A2f d ) >12 = ((6 -  
A a’ )/(8  + AA2))1 2, we can cast eq. (A. 12) into another Herm ite polynomial:
s ’ M i o )  J r l  ,.e’,p["'" + 55'']
= « . ( 2 ) '  (A .13)
Com bination of eqs. (A .7) and (A.13) gives the SW DF for the n th  eigenstate 
of a harmonic oscillator:
r i b ( f )
|S -A A 2|"
(8+f>A2)a"
x exp ( - a , ? 2 -  a2p 2)H„(blq + i b2p)H„(b1q -  ib2p)  ,
(A .14)
where
PHASE-SPACE OF QUANTUM MECHANICS 209
A2 1
  a 2 = > 3,1 1 + k X / S '  2 8 8 ( 1+ f t \ 2/8) '
(A .15)
h * A
1 (1-ftV/62)1'2 ’ 2 8(1 -fiV/S2)1'2 *
Next we turn to  a consideration of a canonical ensemble of harmonic 
oscillators at tem perature T  The corresponding Wigner distribution function
is14):
P^ q ' P)= ^  ,an h ( ^ ) exp[ ~ ^  t a n h ( ^ ) / / ( ? , />)] . (A .16)
The SW DF can be easily obtained by combining eqs. (A. 16) and (11). The
result is
, e x p [ - 1a n h ( ^ ) ( ^ , ' - ^ ^ p ' ) j .  (A .I7 )
where
g, = mw  t a n h ^ ^ p ) + 8 , (A .18)
and
1 /  f t  w(i \  1
Appendix B
Proof o f  eq. (21 )
Substituting eqs. (A .l)  and (11) into eq. (16) with B(q,  p )  = V(q) ,  where 
V (q)  is an arbitrary potential, and perform ing the p p- and r-integrations, 
we get
/ |V (q ) ]  = ( ^ )  f d q ‘ H q ‘) r ( q ,) j d q V ( q ) c  til>- ‘, )2>A (B .l)
The (/’ integration can be carried out by a Taylor expansion of the potential
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around q':
, b .2,n-ii n -
Only the terms with even n contribute, so that eq, (B .l)  can be rewritten as 
following’.
/ [^( <f)!= ± , ( ^ ) ‘ <JJ ^  M, (B.3)
where we define ( -1 ) ! !  = 1. Hence we have proved eq. (21) by observing that 
{2k -  l) ! ! /(2 f t) !=  l /2 '’Jt!.
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Surface effects on the diamagnetic susceptibility and other properties 
of a low-temperature electron gas
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A general formulation is developed for determining the free energy of a Fermi gas contained in an 
arbitrary smooth external potential barrier and in a weak magnetic field, in the low-temperature lim­
it. The Wigner phase-space formalism of quantum mechanics is used as a calculations! tool. Expli­
cit formulas are given, which enable one to compute surface and temperature effects on various 
physical properties (susceptibility, specific heat, etc.) of the system. Some simple examples are con­
structed for the diamagnetic-susceptibility calculation, which show that the corrections depend on 
the form of the surface potential barrier and the size of the material, but, in general, they are small 
in comparison with the dominant Landau result when the size is much larger than ~  100 A. The 
general formalism that we present can also be applied to other kinds of Fermi gas (for example, nu­
cleons) contained in an external potential. For example, we show how the modified Thomas Fermi 
theory may be extended to include temperature effects.
I. INTRODUCTION
The Landau diamagnetic susceptibility was obtained1 
by considering an electron gas confined in a very large 
box. Analytic expressions for this quantity were derived 
for-rz zero-temperature degenerate gas and for a high- 
temperature Boltzmann gas.1 Later the same system was 
reinvestigated by Dingle7 and formulas were obtained for 
a Fermi gas in both low- and high-temperature limits. In 
general, since the electrons are confined by some kind of 
surface potential barrier, one may expect changes from 
the Landau values due to the surface effect. The investi­
gations of this question have been carried out by many au­
thors in the past few decades.1-5 The common point of 
those investigations is the consideration of simple specific 
models for the potential barrier. For example, Friedman 
used a one-dimensional finite well potential and also a 
harmonic potential.4 In both cases he found that the sur­
face effects were small. Here we shall pay particular at­
tention to the work of Jennings and Bhaduri 5 They ob­
tained a general expression for the diamagnetic suscepti­
bility of electrons moving in a smooth potential barrier of 
arbitrary shape, far both a high-temperature Boltzmann 
gas and a zero-temperature degenerate gas. At the high- 
temperature limit, they were able to separate the Landau 
diamagnetic term from the surface—barrier-dependent 
correction terms and the latter decreased to zero faster 
than the Landau term as the temperature increases. For a 
zero-temperature degenerate gas, they also claimed a simi­
lar separation and a small surface correction but, as we 
shall see, this is not possible.
The results for a Fermi gas confined in a smooth arbi­
trary potential both (i) at high-temperature and (ii) at 
low-temperature (but nonzero) limits are still lacking. It 
is our purpose here to redress this situation.
Jancovici* pointed out that when the one-component 
electron plasma (jellium) is considered the exchange effect 
can be very small when (b/A .)1» l ,  where b = e 2/ k T  and
X =  (Itrfi1 / k  T m )1 n  are the average distance of closest ap­
proach and the thermal de Broglie wavelength, respective­
ly. The quantitative physical reason for this is that free 
particles can exchange only when they approach one 
another at a distance of the order of the de Broglie wave­
length X, which is small in the classical limit, and also the 
Coulomb repulsion inhibits such encounters. A fter expli­
cit calculations by the path-integral method, and in the 
absence of a magnetic field, he was able to obtain analytic 
expressions for two-body exchange effects, which turned 
out to be indeed exponentially small when T  « 5  X 104 K. 
Similar methods were then employed in the low- and 
strong-magnetic field limits and the same conclusions 
were drawn.7 Thus we conclude that question (i) does not 
need to be considered and so we shall confine our atten­
tion to question (ii).
As we will see, at zero- and low-temperature limits the 
separation between the Landau term and the surface- 
barrier-dependent term cannot be achieved in genera). In 
fact, the surface corrections to magnetic susceptibility and 
specific heat can be as large as those of free-electron gas 
when the size of the material is small. We consider only 
weak magnetic fields (&uc « k T ,  where tot is the cyclo­
tron frequency).
The problem discussed above can be generalized to oth­
er kinds of Fermi gas (for example, nucleons) contained in 
an external potential. It is well known that8,4 the dom­
inant contribution of shell effects to nuclear masses can be 
extracted by considering the nucleons moving in a one- 
body shell potential. To calculate the sum of the occupied 
single-particle energies, the Strutinsky9 and Bohr- 
Mottelson10 methods are widely used. An alternative ap­
proach, the modified Thomas-Fermi (MTF) theory, was 
developed by Jennings et al 11 They assumed T = 0.
At room temperature the thermal energy is of order 
10-  2 eV whereas the nuclear energy scale is approximate­
ly MeV, which shows that the zero-temperature approxi­
mation for the calculations in nuclear physics is very ac-
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curate at room temperature. But in some cases the 
thermal energy can become comparable with the nuclear 
energy. Examples include artificial nuclear fusions or 
very hot stars ( T  > 10* K). Furthermore, the T F  theory 
has also been widely used in atomic physics in which the 
energy scale is o f the order eV. For these reasons we wish 
to consider the extension of the modified T F  theory to 
nonzero temperatures.
In summary, the above motivates us to develop the for­
mation for a noninteracting11 Fermi gas in a weak mag­
netic field and confined in an arbitrary external potential.
In Sec. II, we present the general formalism in the low- 
temperature limit, which is then applied to the calculation 
of the diamagnetic susceptibility for an arbitrary potential 
and next for certain choices of the surface potential. The 
validity of the M TF theory is also discussed. We then 
discuss the temperature effect on the M TF theory in Sec. 
III. The surface effect on the specific heat is determined 
in Sec. IV. Finally, discussions and conclusions are given 
in Sec. V. More detailed analysis of M TF is presented in 
the Appendix.
II. GENERAL FORMULATION 
IN THE LOW-TEMPERATURE LIMIT
In Fermi statistics the free energy of JV noninteracting 
electrons is given by
F ^ - ^ X l n U + e * "
P i
(1 )
where fi is the chemical potential, determined by
(2 )
g, is the spin degeneracy, f f— 1 / kT  is the inverse tempera­
ture, and E( is the energy of th e ith  level.13
The general relationship between the free energy in Fer­
mi statistics and the Boltzmann partition function Ziff )  
has been established by Sondheimer and W ilson13’14 for 
arbitrary temperature. If one defines a function 0 (£ ) by
= f  “ d<F)e ~ffEdE
ff2
=£*(*(£))  , (3)
where L e denotes the Laplace transform, then it follows 
that
r ® 0
where / 0 is the Fermi function
(4)
(5)
Evaluations of Eqs. (3) and (4) often involve analytic or 
numerical solutions of the Schrodinger equation and sum­
mation of infinite series, which is, in most cases, very dif­
ficult. In order to avoid the direct computation of  the ener­
gy leveb of the system, W igner15 pioneered the develop­
ment of the phase-space formulation of quantum mechan­
ics, so as to provide a framework for the treatment of
quantum-mechanical problems in terms o f classical con­
cepts. For example, in the high-temperature limit, the 
Wigner-Kirk wood expansion14 it  a very powerful tool to 
evaluate the Boltzmann partition function*
Z W ) ~ g . '2 , e (6 )
r
In the absence of a  magnetic field, to  order #  (apart from 
the overall phase factor, ft-3 , in front) the expansion reads
2 m
2 W0 * 2
xJV.re
3/2
-pv i - & - * v24m (7)
where U is the external potential. The superscript ”2" 
denotes order A2 and the subscript “0” denotes the absence 
of a magnetic field (which will be considered below). We 
should notice that the definition of Ziff ),  given by Eq. 
(6), is larger than the usual definition by a factor of gt , 
which explains the shift differences of Eqs. (4) and (7) 
from the original ones.13,14
The essential feature of the modified Thomas-Fermi 
theory is to use the Wigner-Kirk wood expansion and Eqs. 
(3) and (4) to obtain an approximation for the free ener­
gy.11 It has been shown11 that this M TF theory is closely 
related to  the Strutinsky method in nuclear physics, and 
also to the three-dimensional Wentzel-Kramers-Brillouin 
(WKB) method.17
One would notice that the Wigner-Kirkwood expansion 
is valid only for small ff, but the Laplace inverse in Eq. (3) 
in principle involves the values of the partition function 
for all values of ff. We wish to present the following ar­
guments on the validity o f MTF.
Suppose that a typical energy-level spacing of the sys­
tem is A £ and the number of electrons is N. A t low tem­
peratures, the energy o f the system is on the order of 
N 1 &E, for a large N. The energy fluctuation o f the sys­
tem, e.g., when the external magnetic field or temperature 
varies, is about the order of AE, which is a reasonable es­
timate for the amplitude of the oscillatory part o f  the en­
ergy. In general, the singularity o f the Boltzmann parti­
tion function at f f=0  gives rise to the steady part of the 
energy, whereas the singularities along the imaginary axis 
of ff  plane accounts for the oscillatory part (a mathemati­
cal proof o f this conclusion and more discussions on it 
are presented in the Appendix). A small-)? (Wigner- 
Kirkwood) expansion of the Boltzmann partition function 
therefore will enable one to  obtain the steady part of the 
free energy, and to  ignore the oscillatory part. Hence the 
error o f the M TF theory is on the order of N ~ 1, which is 
usually very small. In this paper we are only interested in 
the (steady) Landau diamagnetism, so M TF provides us 
with a good approximation. Needless to say that when 
one is concerned with the oscillatory behavior o f the sys­
tem, such as the de Haas—van Alphen effect, M TF is no 
longer valid.
By expressing 4>iE) is a Taylor series in powers of
i E  —p.),
t
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* (£ )=  J
H < 0  n >
(8 )
it has been shown that [Ref. 13, p. 331 and Eqs. (A6) and 
(A8)J
/ ■ AC Qy a »
0 = - + W ~ 2 2  +i2m)ln)lkT),(2h)
n- 1
(9)
where f(Z ) is Riemann’s zeta function.
The combination of Eqs. (4) and (9) gives the free ener­
gy at the low-temperature limit, with an arbitrary poten­
tial built in ^ (/i) [by virtue of Eqs. (3) and (7)],
F  =  Nfi — )
- 2  X  ^ " V H A T W l —2 ' - :,,)£<2n> . (10)
n * 1
Here the Fermi energy fi is determined by [Ref. 13, p. 329 
and Eq. (A2.9)]
^  r  h
f F = o = j v - ^ " v > - 2  x  <t(2fl + lV H A n 2"
n = r
X  ( I — 2 1 2rt 2 n  > . (11)
In particular, at zero temperature, we have the usual re­
sults
Fo = A > ( , - ^ 0) (1 2 )
and
jV = M A I  |
(13)
The Fermi energy fj, which is defined by Eq. (11) and 
used in Eq. (10), is temperature dependent. We shall now
reduce Eq. (10) to a form that contains p0 only by first 
solving Eq. (11) for/i. To the order of (k T  //i<>>, the Fer­
mi energy is
IT1 + " W  ,
H=Po~ (kT)1





Substituting Eq. (14) back into Eq. (10), we finally obtain 
the free energy at the low-temperature limit,
F  =  F 0 ~  ~ V o H  fcr)2 +  (*T f  , (15)6 72
where F0=Nf i0—^(fi0) is the zero-temperature result. 
The magnetic susceptibility immediately follows from
Jf =  - R ~ '( a F /a R ) ffiKr. Since it is
easy to verify that, using Eq. (15),
* = *0 + ^ * 0 ’(AD1o
n
72
V % 0> (3I V 3W
2
v'2l
* I2W  0 *I2W
'to ( * n 4 , (16)
where To the magnetic susceptibility at zero tempera­
ture lfo",=a"A'o/9Mo- Using Eq. (25) of Ref. 5, but includ­
ing spin degeneracy, we have
f 2# 3 f 1 2m 1 / 2  a
8 o W -* o = - 12m V 240ir1
x /  d M V ?  Umfi0-U)
x i f i0- v r t/2






J t  
afi 1 Of
X  f d ir ( e ' - U ) ]nV2U e ( f ’- U ) \ t,_Q+ (18)
is the density of states of an electron gas with Fermi ener­
gy fi in the absence of magnetic field. By setting U to be 
zero, the last two terms in Eq. (18) vanish, while the first 
term gives the density of states for the free-electron gas.
In general, in contrast to the conclusion of Ref. 5, we 
point out that the first term in Eq. (17) is not the well-
I------------------------------------------------------------------—
known Landau term, the reason being that the density of 
state differs from that of the free-electron gas when a 
nonzero confining potential barrier is considered. We wil) 
illustrate this point more clearly below by choosing a sim­
ple form for the potential.
Substituting Eq. (17) into Eq. (16), we obtain the
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lowest-order temperature correction to the magnetic sus­
ceptibility,
&TX = ~ ~ - 2f T(kT)2 
72m V go(Mo)-






X ( f l 0 - U ) - 1 / 2 (19)
To proceed further we need a more explicit form for the 
relation between the Fermi energy fi0 and the number of 
electrons, which can be obtained by using Eq. (13) for N  
in terms of the first derivative of ^(fi). We now turn to 
the evaluation of the latter quantity.
In a weak magnetic field limit, the corresponding 
Wigner-Kirkwood expansion has been derived by Jennings 
and Bhaduri.5 To order B 2, where B is the magnetic 
field, it reads as follows:
(21, e 2B 2f?B2 





f d ' r e -0V
(2 0 )
(2 1 )
and Z q2I(/9) is given by Eq. (7),
The inverse Laplace transform of Eq. (20) divided by /?2 
gives
<ft<M >=<Mm > -  * J  got j* >.24m c
where g0(M) ls given by Eq. (18), and where 
M ti ) ^ L ~ l(ZQ(p)/02)
(2 2 )
I












where L ~ is the Laplace inverse, and the real number C 
is chosen such that every singular point of Z 0()9)/)92 stays 
on the left-hand side of C.
The integrals in Eq. (23) cut off at the classical turning 
point UiTh)=fi. The relation
- ! -Pi
& + 1 / 2
( n - t / r 1/2
X  0(/x — U), n =  1,2.......... (24)
has been used to establish Eq. (23). 
Then Eq. (13) reads
„  , , ,  . . .  . 
*  =MMo>- —24m 4e*
(25)
We should mention that in the zero-potential limit our 
formulas lead to Landau’ and Dingle’s results (including 
the de Haas—van Alphen effect).
We shall now apply Eqs. (17) and (19) to evaluate the 
diamagnetic susceptibility for some simple choices of po­
tential barrier.
A. Isotropic barmonic-oscillator potential 
In this case
U =  j m t o 2r 2 .
It has been shown that’ 
e 2# 1
T0= - «o<Mo>-12m V
where the density of states is18 
1
15*o
So(Mo) = {An)3 4 Ao
Making use of Eq. (19), to order T 2,
ir2 {kT)2 1 e 1#










Consider now, for example, a small metallic ball with 
radius r„ and let E0 be the work function of the metal. I f  
one uses the isotropic-oscillator potential to  describe the 
surface effect, one will have
Mo+^o — ~fmui2rQ
or





For a typical, metal, £ 0 + / i0~eV . Thus, even for r0 as 
small as 100 A one finds that An is no greater than about 
0.1 eV. So it is a good approximation to retain the first 
terms in Eqs. (28) and (30). Then by making use of Eqs. 
(13), (27), (28), and (30), we have the following relations:
Ms*
Mo
A f . y MoAo
(33)
(34)
where fig —eft / lmc  is the Bohr magneton. The combina­
tion of Eqs. (32) and (34) gives an explicit expression for 
the Fermi energy,
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with n = N / V  = W / 4 v r r l  the number of electrons per 
unit volume, b =  (2 /m )1/I(4jrn), / ,A 
We note that Eq. (33) has the same form as the Landau 
diamagnetic susceptibility, except that the latter has the 







instead of p Q given by Eq. (35).
In terms of the mass density p, the molecular weight 
M,  the number of valence electrons Z, and Avogadro’s 









= ^ .U (E aR) i n { p Z M - t )Wi , (37)
and
P = by/Fn 
=  1.71 (E0R ) ~ t/2(pZM  _ 1 )I/J (38)
where E0 is in eV, p in g /c m \ Z ,M  are pure numbers, 
and R is the ratio of the effective electron mass and the 
free-electron mass. If one puts Z =  1. p = 0 .9 7  g c m ~ \ 
Af =  23, Eo =  2-35 eV, and R = 1.3 for Na, one obtains
i s - i
Xl Mo
= 2p [d + (d 2+ l ) l/J]
=  0.62, for Na (39)
From these results and Eq. (29), we Find that the tem ­
perature effect is smaller than the free-electron gas case







at room temperature. The corresponding ratio in the case 
of the free-electron gas is about 10 ~4.
B. Thomas potential
Now we choose the one-dimensional perturbed harmon­
ic potential, originally introduced by Thom as,'
U i y ) — y  m  n >2y 2 +  Ay 4 . (41)
The high-temperature caw has been considered by Tho­
mas1 and Jennings el al,i 
We are interested in getting the correction to the har­
monic caw  to first order in A in the low-temperature lim­
it.
From Eq. (18), the density of states is
3/2I \  7 m
Ro0*o>=-
1 2





where S  is the surface area of the slab.
To obtain the second term in Eq. (17), we need to calcu­
late the integral
/ ( A,) =  2 f *  d y ^ ~ l p 0 , (43)
where y '  is given by LHy')=p.  We obtain
1 (A) =  2 J"o im<o2Hpa— ym<y2>>2 —Ay4)~ l/2dy
+  24A J*o ° y 2(/i0— j m t u 2y 2)~t/2dy , (44)
where y 0 =  (Jp^/moj1)1 n . The second term can be easily 
obtained, while the first one turns out to be a complete el­
liptic integral. The result, to first order in A, is
/(A> =  tr(2mw2)l/2 +
13v^ 2 ^ qA
(m u 2)*'2
(45)
Substituting Eq. (42) and (45) into Eq. (17), we obtain the 
diamagnetic susceptibility at zero temperature.
To— —
e 2*2 _S_ 2m
1/2





^ (m o i2)5' 2 60i m n 2))/2
The temperature correction to order T 2 is









From Eqs. (46) and (47) we conclude that temperature- 
dependent corrections due to surface effects arise only 
from the anharmonic part of the potential.
III. TEMPERATURE EFFECT ON THE MODIFIED 
THOMAS-FERMI THEORY
By taking the inverse of Eq. (3) and using Eq. (7), Jen­
nings et al. tl found that the first classical term in the 
Wigner-Kirkwood expansion led to the energy given by 
the Thomas-Fermi (TF) theory, while the quantum
34
t
SURFACE EFFECTS ON THE DIAMAGNETIC . 5165
correction term s gave the corrections to  the T F  theory. 
By explicit calculation, using the Woods-Saxon potential, 
they were able to  show that those higher-order term s tend­
ed to zero very fast and the results involving the first 
correction agreed fairly well with the values evaluated 
through the Strutinsky method.
This modified Thom as-Fermi theory is valid only for 
zero temperature. For the reasons explained in Sec. I, we 
need to  extend this theory to include the tem perature ef­
fect. W ith the help o f our general results derived in Sec. 
II, it can be done in a straightforw ard fashion.
Substituting Eq. (23) into Eq. (15) we obtain
F = Fq +  A j-F , (48)
where F0 is the energy given by Jennings er a / . ,"
3/1
F0= N n o - 1
3V2 





V l UifiQ- U t n (49)














/ 0 d lr ( n Q- V ) 1 / 2
32m
7  V2l/(/x0— U)~ ■in f n d ' r i p o - U )
r **0 ,
f 0 d ^ f i o - U )
- 1 / 2
1/2
+
9 f o**d3r{p0~ U ) - 1' 2 f ^ d W m H o - U ) - 5 / 2
(Jtr>4 , (50)
which is the sought-after tem perature effect on the M TF 
theory. Usually it is sufficient to consider only a few 
term s of the lowest orders in temperature.
The Fermi energy at zero tem perature can be deter­
mined by Eq. (13), i.e.,
JV =
( J it1)
2  M  
f t
3 / 2
IV. SURFACE EFFECT ON THE SPECIFIC HEAT
The specific heat o f a Fermi gas in the absence o f an 
external potential has been discussed by many authors.1 
We now com pute the correction terms due to the surface 
potential.
First, we obtain the internal energy by d[0F)/dp, which 
gives
X f  d  r Jo
3 / 2 U = d(0F)/d0
ff mill* .. > ,̂.3
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* * r 3 (53)
Again we sh^ll discuss the model for a small metallic 
ball ( r0 < 100 A ) with a harmonic potential barrier. For 
simplicity we retain the lowest-order term in Eq. (51) 
only. With the help of Eqs. (22), (28), and (30), the heat 
capacity can be written as follows;
(54)
where coc =eB /me  is the cyclotron frequency. The last 
two terms are negligible. Recalling that the specific heat 
for free-electron gas, C^01, say, at low temperature is





Cl^ = ~ - N k ( k T / t F) ,
we obtain
-(0 ) =  2
£ jF
Ho
=  0.62 for Na .
(55)
(56)
V. CONCLUSIONS AND DISCUSSIONS
We have obtained analytic expressions for the free ener­
gy of a Fermi gas in the presence of an arbitrary smooth 
potential and a weak magnetic field in low-temperature 
limit. The formulas derived were then applied to calcu­
late the surface and temperature corrections to the di­
amagnetic susceptibility. Detailed discussions for the sus­
ceptibility problem were given for various special choices 
of surface potential barrier.
In the harmonic barrier model, we have essentially as­
sumed that every electron in the system is influenced by 
such a surface potential. This is true, only when the size 
of the material is very small ( ~  100 A). In this case, the 
Fermi energy is measurably enhanced with respect to that 
o f free electrons. Surface corrections to the physical 
properties (magnetic susceptibility, specific heal, etc.) are 
expected to be of the same order of magnitude as those of 
free-electron gas. To obtain quantitative results, one 
needs to use a more realistic surface potential barrier.
In the case where the size of the material is much larger 
than 100 A, the above assumption is no longer valid. One 
can then separate the total number of electrons N  into two 
parts; there are <V[ electrons near the surface and N  — 
well inside the surface. It is those electrons near the sur­
face that give rise to the surface corrections. Since 
.V, « N  when the size is large, one would then expect the 
surface corrections to be small.
The general formulation developed can be readily used 
to compute the surface effects on other physical quanii- 
ties. To show this, we have briefly discussed the specific 
heal for the system. More detailed calculations, like these
we did for the diamagnetic susceptibility, can be carried 
out following the outline given by ua.
Equations Of) and (56) give rise to the following ques­
tion: Are these relations true for an arbitrary potential? 
The answer would be yes, but with a factor which depends 
on the form of potential. To see this point, we compare 













/ V h ^ - U ) " 2 .
in
i n




Then we cast Eq. (59) into the following form:
3 / 2







X  / / V r f ^ - U ) '
by defining the integral mid value of U (r) by
'«o r»*o
/  d irifio~ U)1/2U =  t / ( r ) ) f  d irifta— U)l/1
,1/2 (60)
>0 • J0
The diamagnetic susceptibility, Eq. (17), takes the form
1/1 Vn
/  d Jr (H o -t/)
(61)














Similarly, the specific heat can be written as follows:
Ca = k i T 
3 it2














In the case we have considered, V  =  it is
readily verified that
Uir\  ) =  7 / i u . (66)
Equations (64) and (65) then reduce lo Eqs. (37) and (56).
The modified Thomas-Fermi theory has now been ex­
tended to include the temperature effecl, which may pro­
vide one with a useful method of evaluating the thermal 
fluctuations in nuclear and atomic physics. However, in
SURFACE EFFECTS ON THE DIAMAGNETIC . 5167
the latter cases, m e  m ust choose more realistic potentials Taking the complex ennjugat*, one has 
(as, for example, the Woods-Saxon potential). The form u­
las given here can form  the basis o f such calculations but 
integrations, such as appears in Eq. (60), will have to be 
performed numerically. j
+iKtsj = o , (A2)
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APPENDIX: SOME GENERAL PROPERTIES 
OF THE BOLTZMANN PARTITION FUNCTION 
AND THE FUNCTION ^(E> DEFINED BY EQ. (3).
In this appendix, we wish to gain more insight on the 
modified Thom as-Fermi theory by first discussing some 
general properties of the Boltzmann partition function 
and its Laplace inverse. Then we shall illustrate our re­
sults further with a simple special case, one-dimensional 
hanmonic-oscillator system.
The Boltzmann partition function Z i 0 )  is defined by 
Eq. (6) for an arbitrary system. I f  we consider Z( f i )  as a 
function o f complex variable 0,  definition Eq. (6) is obvi­
ously not proper for the left half 0  plane. We now define 
Z{0)  in the entire 0  plane by the sum function obtained 
by performing the summation in Eq. (6) in the right half 
0  plane. For example, let us consider one-dimensional 
harmonic-oscillator potential. The eigenenergies are 
E„ =  (n +  y  )Ai).
g, 2  «P< )
(1 - 0
does not exist in the left-hand 0  plane. A fter performing 
the summation, we obtain a sum function 
[sinh(0Ai>/2)]_l (with £ ,= 2 ), which is then the defini­
tion for Z  i0) in the entire 0  plane.
Lemma 1. I f  0 t is a nonzero singular point o f Z{0) , 0 t 
m ust be a purely imaginary number, i.e., 0 t ~ i k h where 
k t is real.
Proof. Suppose 0t =  ct/ +ik j  with real a t and k h and 
|Z ( f t ) |  =  +  We shall consider first the right half of 
0  plane, i.e., a ;  > 0 ,
|Z ( f c ) |  = &
ilf,
e 1
< 8 . 2  !*
t
— Z l a t I <  +  .
— Igj \Ej
(AD
Contradiction. Hence a t = 0, i.e., there is no singularities 
of Z ( 0 )  in the right half 0  plane. By definition, it is also 
true for the left half 0  plane.
Lemma 2. If  0 / =ik j  is a singular point o f Z (0), so is
0 i  =  - i k , .
Proof. Suppose | Z  (0t ) | =  oo, hence
[ Z ( f t ) ] - '  = 2 ***
i
= 0
which is |Z ( f l f ) |  =  +  « .
Lemma 3. 0 = 0  is always a singular point o f Z  (0).
Proof. | Z (0 = O ) | =  +  « .  (A3)
Hence we conclude that all the singularities o f Z i 0 ) lie 
symmetrically along the imaginary axis o f the 0  plane.
Theorem. The function ME)  defined by Eq. (3) has the 
following general form:
*<£) =  *„(£) + ^  [ ^ ' (E lc o s iM ^  +  ̂ ' fEJs in l^E)]
/ - 1
£> +  *„<£) , (A4)
where d « (£ ) is determined by the singularity at 0 = 0 ,  
whereas the oscillatory parts, and 0„(2 >(£) are
determined by the singularities at 0 t , =  ± i k t, with k,  real 
and positive. The free energy at zero temperature is given 
by
Fo — [ + 1
= En + E<* , (A5)
where Ftt = N p a - t J P o )  and Em = -<k,(/i0>-
Proof. ME)  can be obtained by an inverse Laplace 
transform  [see Eq. (23)] through a standard semicircle in 
the 0  plane, ME)  can then be expressed as a sum over all 
the residues o f the integrand Z [ 0 ) e Efi/0^. All residues at 
nonzero singular points have the form G,(E)exp(iAB£ )  or 
Q„{E)i expiik„E),  where G „(£), QniE) are real functions 
of E. If  we notice the fact that ME)  is always real [see 
Eq. (12)], we conclude that the sum over all residues at 
nonzero singularities can be written as the second term of 
Eq. (A4). Hence the steady part o f ME)  is determined 
only by the residue at 0 = 0 .  Combining Eqs. (12) and 
(A4) we obtain Eq. (A5).
As an illustration o f the above general results, we shall 
consider an (V-electron (noninteracting) system confined 
in a one-dimensional harmonic-oscillator potential, where 
exact results can be easily obtained without any help of 
MTF.




The nonzero singular points are purely imaginary and 
come in pairs,
0+,= ± ^ T '  1 = 1 ,2 ,3 , . . .  .TKO
We shall now evaluate
(A7)
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= Yo+ 2  (Yi + Y- i )  ,
t = 1
where the residue at p±i  is
( — l ) ,-1 exp( ±2rri/£ /A tt) /Jt ,
r i ' "  w  ,fc,K
Hence the oscillatory part of H E )  is





t — I ) cos( 2trJE/Ika)
Uit)2
(A 10)
Similarly the steady part of HE)  is determined by the 
residue at 0 = 0 ,
<*,.(£>=ro
=  £ i  Ika 
12
It is of interest to see that M TF insked gives the steady 
part of the function H E ) .  The Wigner-Kirkwood expan­
sion for the present system is obtained by Eq. (7) and
t/ = f m w V ,
Z(0 )  =
pika
1 - § W a
24
The function H E )  is evaluated by a Laplace inverse






which is exactly Eq. (All).
The Fermi energy fi0 can be determined by Eq. (13),
N =
( — I )J 'sin( 2irlfi0/1ka)
2 2/ - iIka





Substituting Eq. (A t3) into Eq. (AS), we obtain 
F0= N 21ka/4. But here we are interested in comparing 





- Ika  2
l = i
Ika 
1 2  *
( — 1) COs( 2irtfi0/1ko) 
(/it)1
(A 17)
(A12) We can see that when N  «  1, Fm ~~N Fa .
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Magnetic Susceptibility of a Two-Dim ensional Electron (ias 
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and for Non-Zero Temperatures
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A n a l y t i c  c x pr i - s s ion* mi -  d e r i v e d  tor  t h e  m a g n e t  ic s u s c c p t  ibi l i t  y a n d  t h r  F e r m i  e n e r g y  o f  n nni l -  
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t u rn  lire d i f f e r e n t  friiiti t h o s e  o b t a i n e d  r e c e n t l y  b y  o t h e r  a u t h o r s .
ri l i i  H N i e h t w e c h a c l w i r k e n d e i i  / . wr i d i i n e n a i o n i i l c i i  K l e k l  roncngMs e s  in t ier A' idi er i ing  (lea a t a r k e n  
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tiei  e t i d l i e l i en  T e m p e r u t u r u n  v o n  d e n c n  m n l e r e r  A nt u r e i i .
Ill ll ie |m st d ec ad e  cons ide rab le  a t t e n t i o n  hits been focused on th e  in vest igat ion of 
var ious  phys ica l  p rn pc t t  ics of  tw o- d im en s io na l  e l ec t ron  gas  {2[)K(I} which  ex i s ts  on 
MONFKT invent ion l ayer s  am i  ( l aA s / A K la A s  he t e ro j i inc t inns  | l  t o  it]. T o  o b ta in  
a general  p i c tu r e  of  t h e  ma g n e t i c  r esponse of  21)E(J,  one m a y  neglect  t h e  in teract ion  
a n d  l eve l -b roaden ing  e f fec t h an a  first  a p p r o x im a t i o n .  Also, moat  ex p e r im e n t s  have  
been pe r fo rmed  in t hi’ s t rong  mag ne t  ic field l imi t ,  by which  one m e a n s  t h a t  I he m a g n e t ­
ic en e r gy  /tin,, is ve ry  large in co m pa r i so n  wi th  the  t h e r m a l  en e r gy  17'. Here  ny, - 
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f rom thorn- o b ta in e d  in | 2, itj.
2. Free Energy III the Strong Field Limit
In general ,  t h e  free en e r gy  pe r  un i t  a r e a  of  a 21)K(* can  be wr i t t en  a s  follows:
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11 in n  lie shown [4 | t hat  t he index I is o b t a i n e d  f rom t he Fe r mi  ene rg y  a t  ze ro  tein|H*r- 
a t n r e  a nd  in the  nhsenee  of  ma g ne t i c  field pj[,( m i f ^ l n i * ,  i.e.,
I
ui) 1/• 
f i n , .
(*)
which,  in compar i son  wi th  <il>, m e a n s  t h a t  pjj't a n d  p a lw a ys  s t a y  in t h e  sa m e  gap  
between tw o  ad ja ce n t  L a n d a u  levels (whi le recognizing  t h e  f act  t h a t  t h e  a c tu a l  
pa i r  of  L a n d a u  levels m a y  chan ge  iin t h e  magne t  ie field changes) .
T h e  resu l t s  o f  (5) to  (N) a re  easi ly in t e rp re te d .  For  ins t ance,  if n j f >  is a  hal f  in t ege r  
we ha v e  th a t  I 11, a n d  vice versa.  In th i s  case,  (5) r educes  to  p (A’( * A'/, i)/2, 
i.e., t h e  Fe rmi  en e r gy  is f m , . ! 2  ab o v e  t h e  highest  filled L a n d a u  level  when  eve ry
L an d a u  level  is comple te ly  filled. Moreover ,  if 1/2 5a I 0. which lllcilllH level I is
at least ha l f  filled but  less th a n  com ple te ly  filled, we have  A', 5? u | A’( t F t t )/2.
Also F i  r u '  ( A r * F /  r) 2 if 1 2  I 0, co r res pon d i ng  to  level A being less
t h a n  hal f  filled, / jf tf
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is a t  lea s t  h a l f  f i l l e d  Im t  le s s  t h a n  c o m p l e t e l y  f i l l e d ,  i .e . ,  .! I - (I, E t - i  u ■_
* ( K t  ■ h'i ,) 2 ,  l i e n e e  j  I. S i m i l a r l y  j  / • I if O I .!.
it. M agnetic Snsi'e|itiliility in the Strum; fie ld  i.im il
N e \1  w e I u r n  I n  a l l  e v a l u a t i o n  u f  t h e  m a g n e t i c  n i o r n e n t  a n d  s n s e e j i t i h i l i t y .  W i t h  
t h e  h e l p  u f  (4 ) ,  it is s t r a i g h t f o r w a r d  t u  o b t a i n
t i lIf
2 i l i i „ . r  | ( /  • '. ) I / ( /  • I | • M i l  ( I  ■ <\
< \ \ i  ' II < ’J  1
I '  ( l b )
1 • f , I ■ f J
w h e r e ,  r  f i n  //in, 'p^1* I t ' //„ is t he r edin ed magnet  ie field, w it h t t n n h n i . i
Ili.U" It) 1 (i i t t i  -) n  a n d  p „  < l i l ’2>n*<'  is t h e  I tohr  ma gn e to n ,
in  o rder  to  see eunseipiein es of  ( |(>) mure clearly,  we rewr i te  I lie ma gn e t i c  moineti l  
as a t e m p e r a t u re - i n d e p e n d e n t  t e rm  .t/„ plus  a t e m p e r a t  n re -de j i endent  t e rm.
.1/ .!/„ ■ .1/, . (II)
with
• I d
-'/a " " i l l - ) - ' ’ -/> hi r  "  ̂'... ,r " | r  if )  ^  I : (I:!)
J  ^  J' ; x . if j - 0  .
11 follow s t hat  , l/T is very small  (-^/) except  in t be eases  where H ,  is a lmost  eoniplet e-  
ly e m p t y  or  filled, i.e., | - (I a n d  | - V ;,I I.
Simi la r ly,  t h e  magne t  it siiseept ihi l i ty ean al so lie wri t t en  in tw o  par ts .
i .1/ i , l fM < , I / T
X  i I i  I I i  * i f i  Xt> X  1 ' ' M)
where
.a (14.'hi
ami  where th e  t e m p cr a t  in e -dependen t  par t  is eu m p ar ab le  l o y (lon ly  when  |Af ' :j| S  I.
We  plul in Fig.  I t he  Fermi  ene rgy  p, ver sus  the magne t  ie field f i ,  fur  f ixed enneen-  
t r a t ion  a.
T h e  t e m p e r a t u re - i n d e p e n d e n t  p a r t s  of  p.  ,tf, a n d  % a r e  th e  eorres; . . . ' zero-
t e i i ip e ra tm e  values.  T h e  t e m p e r a t u r e  ef feets  t e n d  to  sm oo th en  out  th e  singular i t ies .
4. IHsetissiiins anil 4‘onrliiKiiins
\ e  x t we c o m p ar e  o ur  r esul t s  wi th  those  in |:2, ;i, 5| ,  First, of  all. mil / . ero- t emperat  ure 
r esul t s  for  t he Fe rmi  ene rg y  a n d  magne t  ie mo me nt  | (K) a n d  ( I I ) )  agree  w it h (2.4) a n d  
(J.H) in I'*). A f ini te  1 i r a t m e  result  fur  th e  Fermi  ene rgy  was de r ived  ear l ier  by
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2 7 m
Ki((. I. ill ({educed Ferm i energy  r  
f t j h t ’j,,  t>) m a g n e t ic  m o m e n t ,  mid < ) m a g ­
netic  H!i«iT|)tilnlily vs. Ilit' reduced  inag- 
in’t it- field i x  T h e  d a sh -d o t te d
line in u) in t in '  enircHpnnding resu lt  in n 
zero m agne t  ie field. T in 1 d a sh e d  lines in 
1 1 ), Ii), nnd  e) a re  t he c o rre sp o n d in g  resu lts  
nl zero t e m p e ra tu r e
*
x
S h i n n  itiuf IsilmrH {(It) in which is, in our no ta t ion ,
It is tint (‘Hay In n<'(‘ tile t e m p e m l  lire 1‘ffeet in Hie frtrotig field l imit ,  unless we s impl i fy 
( 15) fur ther ,  (h ie  ha s  th e  fol lowing:
M a gn e t i c  S i iHcrp t ih i l i t y  Ilf a  21) K l e e l r u n  (Jus in  S t r u n g  Ma g n e t i c  Fi e ld 785
lieeal l ing th a t  fjJj'YAi'V i i i / K  one  can solve  < 1 ti) for  f i  a nd  o b ta in
" *  t S M ' 1 i )  cl- (17)
O n e  s e e s  t h a t  our  r e s u l t  (tl) d i s a g r e e s  w i t h  t h e  r e s u l t  (17) of  N h i u a  a n d  ( s h i h a r n .
We em ph as iz e  t liat in (.'{) we in t ro d uc ed  o u r  on ly  a p p r o x im a t i o n ,  which  causes  
e r ro r s  in th e  o r de r  o f  e x p  ( ■tu>ir \ k T ) .
It is w or t h  no t ing  th a t  a dif ferent  s t r on g  field r esu l t  was o b ta in ed  by  I s h i ha ra  and 
I ' l lou [2| .  in  o u r  no ta t io n ,  {5) a n d  (5) of 12] m a y  be wr i t t en  as follows:
a m i
/ C




till |, tf It
'  It
n
i t , ,
2.V 1 ( 1‘ti
W l ie d. I, 2 , (IK) a n d  (Id)  ind ica te  t h a t  1 lie l '"iani en e r g y  p " i l l  a lwa ys  
s lay  li/' i, 2 higher t h a n  its zero field, zero-t cmpcru t  m e  value  / f j ' 1, a n d  t In* magne t i c  
snsce,  "ity " i l l  oscil late up  a nd  d o w n  " h e n  the  ma gn e t i c  field var ies a n d  the  
to ta l  n u m b e r  of e l ec t rons  is kept  co n s t an t ,  p r o m  o u r  analys i s ,  we k n ow  th a t  these  
conc lus ions a re  not correct .  Thin is d u e  to  th e  fact  tha t  th e  e ipu i t ion  on which th e y  
are based viz. (2) in | 2 | ,  which w h s  first used in t he d iscuss ions in HDFt i  problem,  
| l i | J ) Is  ri<>1 (rue,  th e  reason being t h a t  t h e  Fe rmi  d i s t r ib u t i on  funct ion  has di f ferent  
ex pa ns i ons  in regions " h e r e  t h e  eliet'g v is below or above  t he Form i ene rgy,  no m a t t e r  
1 he ma gn e t i c  field is s t rong  or  weak.
Filially wo co m me nt  tha t  if one ca lcu la tes  the  s| jeeifie heal  from th e  free ene rgy  
gi v en in ( I ), one "  ill f ind it ex po n e n t  lally small ,  a nd  dif ferent  f rom I hat ob ta in ed  in | d ].
Now " e  tu rn  to  a discussion of e x p e r im e n t a l  r esul ts .  Af ter  more th a n  a d e c ad e  of 
intense s tudy of two-d ime ns i on a l  e l ec tron  sys tems ,  th e  ma g ne t i c  m o m e n t  in high 
m agn e t i c  fields has only r ecent ly  been me as u re d  | 7  f o 111. T h e  a m p l i t u d e  of th e  osci l la­
to ry  mag ne t i c  m om en t  was obse rved  to  be hea v i ly  d a m p e d ,  in con t ras t  to  o u r  r e s u l t , 
d ue  to  large ene rgy level b roaden ing .  Hot t here exi st  d isc repanc ies  bet ween t he den s i ty  
of s t a t e s  (DOS)  e x t r a c t e d  f rom the  ma gn e t i c  m o m e nt  n ieasu re i nen l s  a n d  th a t  from 
cyc lo t ron  resonance ex p e r im e n t s  [10. t 1 |. Ti le r esu l t s  of IXtN f rom specific heat 
m e a s u r e m e n t s  | | 2 |  a n d  e l ec t ron ic  ca pac i t a nc e  m e asu rem en t  | l - l |  a re  aga in di f ferent .
One of  the  possible r easons for  the se  in consist  cur i es  is d u e  tit i nhomogenei l ie s ,  
impur i t i e s  a nd  d e fec t s  in th e  sa mples  used in va r ious  ex p e r i m en t s .  It has  been shown
| 1 A | t h a t  even a smal l  inhornogrne i l  v can  affect the  DOS st rong ly .
A n o th e r  key to exp la in  th e  d i sc repanc ies  m a y  be t h e  ex i s tence  of an  en o rm o us  
a m ou n t  of  localized s ta le s .  Thos e  e l ec t rons  m localized s t a t e s  are b ou n d  to  show 
a dif ferent  r esponse to  an e x t e r n a l  ma gne t i c  field in co m pa r i so n  to  e l ec t rons  in e x ­
t e nd ed  stal l ' s.  T h e  ca lcula t ion  o f  the  m a g n e t i z a t i o n  of  a local ized 2DK(!  will be 
a t t e m p t e d  later .  We  also will ca r ry  mil t ie tai led d iscuss ions of  th e  effects  of  an  a r b i ­
t r a r y  t/*-fat tor ,  L a n d a u  level b roaden ing ,  a l so t he t h r r m o d v m n m c  proper!  ies of 21)Kt! 
el sewhere |4],
J ) T h e  Htrung f i e ld  l imi t  r e su l t  in t h i s  r e f e r e n c e  (5.4)  for  n HI) t i ou i i i t cn i c t  ing e l e c t r o n  ga s .  
wh i ch  c a n  lie u l i U i n e d  h v  s e t t i n g  r  <> in (5.41,  is l l ierel ' nre i n c u r r e d .  T h e  F e r m i  e n e r g y  for  
, ' t l)K<l, f u r  e x a m p l e ,  luis b e e n  s h o w n  t o  a p p r o a c h  z e r o  iit s t r u n g  m a g n e t  ie f ie ld ,  w h i c h  is s i m i l a r
t o  1 he  en se i if ii 2I>K< 1. F o r  i let  a i Is, s e e  V.  It, S e a ,  A n a .  P h y s .  Iff,  24 It (11)75).
.',11 J,ti>.o, i, Ue ill
61
L. \ \  a m ; puhI It, K. 1V<‘on nkm . : Magnetic SiiN<f‘|ilibility <if a J i t  Klectinn (bis
i i l n n t i i ' l t t l q u t i i r i i l H
T l t i s  l e s c i i n l i  w a s  p a r t i a l l y  mi p p u r t  ml  b y  t h e  I ' . S .  O f f i c e  u f  N a v a l  R e s e a r c h ,  < '< i n f r a c t  
\ n .  N  IHIO | 4 - S I L K  -0<HI2,
K f l r m i f f H
[ I | Sec  <*.)(., T .  A s i  m.  A. Fuvvt.Ktt.  mu)  F.  S i k h s , I t e v .  n m d .  1‘liyn. .74, 4d7  (1HH2).
A.  I s  111 a  h \  a n d  T .  T o m  IIV. 1’ l iys .  I t e v .  H lit,  F: t |  (
A. I s j Ii vhv  a n d  I). Y.  Ko.u. ' iv ,  P h y s ,  ItcV.  H lit,  M4(l ( Id"!) ) .
4V, Z . vu  a D/.k i , S u l i d  S t a t e  ('■ a n i n i n i  47,  111" l l i l t t t i ) .
| 2 |  A. I s i  m ah a i iud S.  I ' l . i . i i i ,  S<i]i() S t a l e  < ' ( ini imi i ] ,  4 1 .  " t i l l l  ( HW2 ) .
| ‘t | Y. S m  \v a a n d  A.  1 s i  a ah  a ,  Sulid S t a l e  < ' e m  n u m .  l i t ,  4117 ( IIIS4 ).
| 4 |  I, .  U  am;  a n d  I t .  K\ (>'( ' n v  s  k m „  t n  l ie | n i ) d i s l i e d ,
[ u 1 Y.  St t tW A a n d  A, (s i k a h v , l*Kys. I t r v .  It 27,  474 2  t l lW. t ) .
| i i |  A.  I s i ha h v  a n d  .1. T.  T s v i ,  P h y s .  k n n d e n s .  M a l e r i e  I.Y 214 | 11172).
17 |  H ,  I i .  S t i i h v i k h , T ,  H a a y v s d .i a , V .  N a h a  v a n  a s i c k t i , A .  I l o s s v i t n .  a n d  t Y ,  W i k i i m a s s , .1.
V a c u u m  S r i .  T n  (mol .  1! 1.4211(111811).
|N] T .  )1 V VV ASII.l V. H. I.. STIiHAIKH, I). .1, ltrsHII\  V. X Wt V Y A N V VII KT1, A . <'. ( 11JSS A K 11. allll W .
W i k i i a i  vnn, S u r f a c e  Sei ,  1 4 2 .  21)4 ( Mt s 4) .  
f It |  .1. I*. K i s k n s t k i s .  I I .  L.  S t u k m k h .  V .  N a h a y a s  a m c r t i .  A,  V .  C u n ,  A.  ( ( d i s s  v h n .  a n d  
( '. tV. T r ,  I ’hyH. I t e v .  L e t t e r s  .’to , K7n  (IIIS.a).
I l i t ]  I I .  I.. S t O K M K K .  It. I l l S t i l . K .  A .  <' .  I l l lSSAIt l i .  I V ,  W l M i N . I S N ,  a n d  SI,  I ) .  S t I ' K U H .  S u l i d  S t a l e
( ‘n m m n n .  211. 711.7 ( l ' J7H) .
[ I l |  I*. Vo l . s l S ,  Y.  ( I t ' t . l l SKH.  .J. 1’. VlKHKN,  M.  VlMI.H. I*. I ) Kt, ESI t-l A K . a l i d  N . T .  L l l l S .  Aj l | ) l .
t ’hys .  L e t t e r s  HU. 1182 (MtKI).
J I 2 ]  K.  t l l l H M K ,  I t .  L a S s S I I I ,  ( ; .  STHAHSKH.  H ,  L.  N t o K S I K H ,  A.  ( J l lSHAHIl ,  a n d  \ V .  W i k h s i a n n ,  
1’l iys.  I t ev .  L e t t e r s  .74, I K20 ( litKa).
| R I |  T .  j ’. S m i t h , H. It. ( u h . i i b k h u ,  IL J .  S t i l u s , a n d  M. H k i h l  i-*t. I’l iys.  I t ev .  It 2 2 .  JtiStti ( IHH.ti.
( Krrt  i i 'nl  J u l y  *>. W S 7 )
PHYSICAL REVIEW B VOLUME 37. NUMBER 6 15 FEBRUARY 1988-11
Landau-level width: Magnetic-field and temperature dependence*
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We cmlculnte the effect of level broadening on the steady part of the magnetic nwnwm and 
°peciflc heat by deriving an analytic expression for the free energy of a two-dimensional electron 
gas in a uniform magnetic field, with an arbitrary Landau-level broadening and at a finite tempera- 
lure. Measurements of these effect* may provide a new way for gaining more information about 
the magnetic-field and temperature dependences of the Landau-level width. This in turn may lead 
to information about the density of states. In the particular case of Gaussian broadening, the 
broadening correction to the steady magnetic moment is as large as the steady magnetic moment 
itself.
I. INTRODUCTION
Two-dimensional electron systems, which can be 
created in sem iconductor inversion layers and GaAs- 
GaA lAs superlattices, have been the subject of intensive 
investigations, both theoretically and experim entally.1 
The model of a two-dimensional electron gas (2D EG) 
was first employed by Peierls2 in 1933 to explain the os­
cillatory magnetic susceptibility (the de H aas-v an  Al- 
phen effect) of a three-dimensional metal. Because of the 
experimental realizations or a 2D EG, the development 
of the general theory for a 2D EG has been accelerated. 
Despite the increasing theoretical discussions on the sub­
ject, some problems remain to be considered.
The problem that we are concerned with here is the 
inconsistency between recent measurements of the densi­
ty of states (DOS) of the 2D E G .3 9  Four different ex­
perimental approaches have been used to  extract infor­
mation on the DOS: cyclotron resonance,3,4 magnetic 
susceptibility,,_7 specific heat,8 and electric capaci­
tance.9 Large discrepancies can be found among the 
DOS’s derived from these expeijmental results. D eter­
mination of the DOS is obviously crucial in both 
theoretical and experimental studies on the 2D EG. We 
note that the experiments mentioned above are per­
formed with very strong magnetic fields ( —10 kG), 
which emphasize oscillatory behaviors. In this paper we 
shall propose measurements of broadening effects on the 
steady magnetic moment and specific heat, e.g., using 
weak magnetic fields, which we believe may generate a 
new way to obtain more information about the DOS in 
experimental studies.
In Sec. II, we formulate the theory of the free energy 
of a 2D EG, at finite tem perature, with an arbitrary 
form o f Landau-level broadening and an arbitrary g fac­
tor, and in a uniform magnetic field of arbitrary 
strength. The steady magnetic moment and the specific 
heat are then calculated. Some numerical aspects are 
also discussed. Conclusions are presented in Sec. 111.
II. THE LEVEL-BROADENING DEPENDENCES 
FOR BOTH THE STATIC AND OSCILLATORY 
FREE ENERGY
For electrons in a magnetic field H  the energy spec­
trum is given by
Ele = 2fsBH [ U + \ ) + g o / i ) ,  / =  0 ,1 ,2 ............  o  =  ± l ,
(1)
where = e f f /2 me  is the effective Bohr magneton, m is
the effective mass of the electron, g  is the Lande factor 
multiplied by m / m 0, and m 0 is the electron mass in 
vacuum.
Suppose each Landau level is broadened by some 
mechanism, e.g., im purity scattering.10,11 Then instead 
of sharp 6 functions, the density of states is the summa­
tion of a series of broadened functions R r (E) = iD /  
D R  (E / D  say, at each Landau level:
D
/  = 0  < T - ±  I
E - E l a (2 )
where T is the full width at half maximum and
D =eH/2whc  =  2 .4 x  10IOH  cm 1 (H  measured in T) is
the degeneracy per unit area, such that 
f +°° R r lE)dE = D /  + “ /Mx>rfjc = D (3)
Henceforth, we shall always consider a unit area; a gen­
eralization to an arbitrary area is trivial.
The free energy is
F = n n ~ k T  / o+ "  lnj \ + t * p [ i f i - E ) / k T ] \ D ( E ) d E
= ttH+ f  + “ * < £ ) |£ d E  , (4)
■'o oE
where ft is the Fermi energy, /  is the Fermi-Dirac distri­
bution function,
and
f i E )  e x p [0 (£ —/* )]+ !  ’
1
* < £ )=  f £dE'  f E d E " D ( E "I .
(5)
(6 )
At low tem peratures, f t / k T  » L  3 / / 9 E  is very close 
to a 6 function at the Fermi energy. As long as the 
broadening is not too large, in other words, /x »  T, in­
clusions of negative t in Eq. (2) will not greatly influence
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the free energy. This it equivalent to the assumption ploy the Poisaon summation formula.11 The result is (see
that the density of states given by Eq. (2) vanishes for the Appendix for details)
negative energy. This approximation enables us to en -
 1 '
_ m i i ! * i _ - L
8
+  ^ < n
+2l/iaH)2 i
f - l sinhltr^/fcT / f tgH)
(7)
where
A ( D = 2  2 ( - 1)''COS
/_i iirl)2 
C ,( D  =  J  + * dx R (x)exp
8
2




*  ( — t
G ( D  =  2 2  —r^-cos
/ = i irl
ShL
2
Im (C,( D J  . ( 10)
Here Re and 1m denote the real and the im aginary parts, 
respectively.
After the free energy is obtained, various therm o­
dynam ical quantities can be calculated in a standard 
fashion. For instance, the Ferm i energy is defined in 
term s of the num ber o f electrons:
f  ^  dE  D ( E ) \ n p [ ( E  - n ) / k T \ + \ \» n
= 0  = a r
dn
- 1
n . H . T
( 1 1 )
In a real 2D EG, the num ber density is mainly con­
trolled by the gate voliage. If  we ignore com plications 
due to localized states, which are im portant to transport 
problems, the num ber density n does not vary with the 
magnetic field. When one evaluates physical properties, 
such as the magnetic m om ent, one should assume tha t n 





The magnetic moment thus calculated is also a function 
of fi, which varies with the m agnetic field. It is under­
stood that fi should be solved from Eq. (II) and substi­
tuted into Eq. (12), in order to obtain the explicit m ag­
netic field dependence for the magnetic m om ent.
But the task of solving Eq. ( II)  for fi is often not easy. 
In 3D cases, especially when electrons are not free, i.e., 
when the band structure is im portant, the corresponding 
situation is worse. Blackman suggested that the Ferm i 
energy, instead o f the num ber density, can be taken to  be
a constant when the m agnetic field is not too strong. In 
o ther words, the m agnetic moment is calculated 




where fi0 is the Ferm i energy in the absence o f magnetic 
field, and
fUfi ) = F —rtfi
= —k T  In 11 + exp[(fi — E) / k T ] \ D  (E)dE
(14)
is the grand-canonical potential.
The above constant-^ calculation is based on the fol­
lowing argum ents.13,14 It is transparent from Eq. (7) 
that m agnetic oscillations are im portant when
mH Z k T / f i g  T —— (7* in K and H  in T ) .m (13)
In most o f the 3D experim ents,13 magnetic fields used 
are such that Eq. (13) can be satisfied by only a small 
num ber o f electrons with very small effective masses. 
Hence m agnetic oscillations in 3D cases are usually very 
small. The oscillation o f the Ferm i energy will create a 
second-order correction to the m agnetic m om ent, which 
explains why and when the Fermi energy can be taken as 
a constant. In a 2D EG , Eq. (13) is easily satisfied be­
cause the electron effective mass is very small i m / m 0 is 
0.0665 for the GaA s-A lG aA s system). Hence we shall 
take the num ber density n , instead o f the Fermi energy 
fi, as a constant to  evaluate therm odynam ical quantities 
throughout this paper. As we shall see, the discussion 
on the steady part o f the m agnetic m om ent is indepen­
dent o f  whether n or ft is taken to  be constant if the level 
broadening is symmetric.
Before calculating the steady m agnetic moment and 
specific heat, we wish to  com pare our results w ith those 
in the literature. The pioneering discussions on 
Landau-level broadening effects have been given by D in­
gle.16 Through a semiclassical argum ent, he showed that 
sharp Landau levels are broadened into Lorentzian 
peaks. However, D ingle's form ulation is three dim en­
sional. Here, we concentrate on the 2D case. As it 
tu rns out, Dingle’s result for the reduction factor of the
I
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de Haaa-van Alphen oscillation due to broadening is the 
same as our result [Eq. (9)].
Different expressions for the free energy of a 2D EG 
with symmetrically broadened Landau levels have been, 
derived by Shoenberg12 for the cases where /j or n is con­
stant, respectively. In the case of zero temperature and 
zero broadening (ideal case), and fi is a constant, the free 
energy was taken to be
F c(f i )=D  2 (16)
where Er is the highest Landau level below the Fermi 
level (Er <fi). Then Shoenberg calculated the free ener­
gy (still at absolute zero) with broadening from the 
zero-broadening case, by using the relation
f ( / i )=  f  +" F ° ( / i ' ) / l [ ( ^ - / i ' ) / r ] d ( ^ V r )  . (17)
— ao
The tem perature effect can be included by considering a 
special form of the broadening function.
When n is a constant, the assumption made in Eq. (16) 
that all the Landau levels below the Fermi energy are 
fully occupied is removed in Shoenberg’s calculation of 
the free energy in the ideal case. But his discussion in 
the case of broadening is again based on his constant-^* 
result [Eqs. (16) and (17) in this paper, or Eq. (16) in Ref.
1 7 ] -.Since the highest occupied Landau level can be only 
partially occupied, no m atter whether u  or n is a c o n - . 
slant, Eq. (16) is not entirely adequate. When the Lan­
dau levels are broadened, the levels above (especially the 
one immediately above) the Fermi level can also contrib­
ute to the free energy. Since the summation in Eq. (16) 
excludes the (r  +  l)th level and above, this contribution 
is also ignored in Eq. (17). As a result, in Shoenberg’s 
formulation [see Eq. (16) in Ref. 17] the contribution due 
to broadening and tem perature effects are absent in the 
steady part of the free energy.
The oscillatory part appears, at first sight, to be 
different from that obtained in Ref. 17. This is because 
the broadening function R  (x) is assumed to be an even 
function in Ref. 17, while this restriction has been 
dropped in our present formulation. In general, the 
broadening of the Landau levels is asymmetric with 
respect to the level centers. We present two reasons to 
support this argument. First of all, the problem of a 
charged harmonically bound electron in a blackbody 
heat bath has been solved exactly,19 and it was found 
that the energy levels are broadened asymmetrically. 
Secondly, if we consider the strong magnetic limit and 
impurity scattering only, the density of states can be ob­
tained explicitly and the asymmetry of the broadening is 
shown to decrease as the magnetic Held increases.20
________________________________________________________   J
k T  r +<
In the case of symmetric broadening, i.e., A (x) is an 
even function, we have
C / ( D = 2  J  +m dx R (x)coi W Tx
AtMH
(18)
Hence the oscillatory part of the free energy in our re­
sult [Eq. (7)] reduces to that of Shoenberg [see Eq. (16) 
in Ref. 17]. There will be more discussions in the Ap­
pendix on the free energy in the case where the broaden­
ing is asymmetric.
An explicit form of symmetric broadening, i.e., the 
Lorentzian profile, which has been discussed by Dingle16 
in the 3D case, has recently been considered in the 2D 
case by Isihara and Shiwa.12
In the particular case of symmetric broadening and 
where there is no spin splitting, i.e., g =  0, it is easy to 
check that our result reduces to that in Ref. 12. But 
when g ^ O , the steady part of our result differs from that 
in Ref. 12. In what follows we shall explain this 
discrepancy. In Ref. 21 where Landau levels are not 
considered to be broadened, the grand canonical poten­
tial with nonzero g, say, is dbtained from that
with g =  0, ), say, as follows:
n , ( „ . 4
Here
f in
^ + 2 fX*H (19)
f l0(/i)s= — k T  / o+ * In J 1 +exp[(AT — E ) / k T ] \ D 0iE)dE  ,
(20)
and D0(E) is the density of states without the spin split­
ting, which can be obtained by setting g = 0  in Eqs. (1) 
and (2):
D0iE) = 2 J  f R
i=o 1
E - E ,
and
£ , = 2Aifl/ / ( / + i )
(21 )
( 22 )
But this way of calculating the grand canonical potential 
was employed by Isihara and Shiwa12 in the case where 
Landau levels are broadened, which we shall show to be 
incorrect. By definition [Eqs. (21) and (22)], we have
E + ^ „ H E ~ f
(23)
Substituting Eq. (23) into Eq. (14) we have
tl (E )=  -  J * ,"  ln( 1 + ex p |U i +  ( g / 2 * i , / f )D0(E ')dE‘
f  /upbh l” ( I +  cxPl — —E ' \ / k T \  )Da{E')dE'
#n,(£), (24)
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which is the reason for the disagreement.
We now consider the steady part of the free energy, 
which dominates in the weak magnetic field limit, name­
ly.
U g H S k T  . (25)






t .  i
8  6
(26)
we have found the correction to  the steady part o f the 
free energy due to Landau-level broadening: 
mA F ,S,‘ =
irti'
[ A i r ) ( n BH)2+ G i r H n Bm n ] . (27)
As we mentioned, the tem perature term  in Eq. (26) and 
the broadening correction given by Eq. (27) have been 
ignored by Shoenberg.17
We shall first review the familiar results originated 
from the steady free energy without broadening. The 
th ird  term in the bracket o f Eq. (26) gives rise to  the 




Similarly, the second term  gives the steady magnetic mo­
ment
M 1*0 . S l _ l  
4 3
m n \ H
-rr/r
(29)
which consists o f the following two parts: the spin
param agnetic moment and the Landau diam agnetic mo­
ment, their ratio being the same as in the 3D case.21
We next tu rn  to  an analysis of the corrections due to 
the Landau level broadening [Eq. (27)]. In addition to 
Eq. (29), a new term in the steady magnetic moment 
arises because o f the level broadening, which is the fol­
lowing:
AAf in i m
IT* 2
[2 A i D f i 2gH + G{ Dug/*}
—* I T
n = , (30)
where^ithe primes mean derivatives with respect to  P. 
Similarly, in addition to  Eq. (28), the contribution to the 
steady part o f the specific heat from the level broadening 
can be readily calculated:
a2a c ;*1^  - r :
i




[ a  "< r  )inBH)2+ G " (  r  )(M bh  >m J-~
a2r
+  [ A '( D ( n BH)2 + G ’{ D(ngH)t i] ar2
(31)
Now we consider some numbers. The first question 
relates to the size of the steady magnetic moment in 
comparison to the saturated magnetic moment. We ob­
tain, by using Eq. (29),
M [HI A___L
4 3






( n / D Y
1 0 uff
(32)
where M 0= n p B is the saturated m agnetic m om ent, n is 
the num ber of electrons per unit area (in cm 2), D is the 
degeneracy per Landau level, and H  is measured in T.
We now turn  to a discussion of the contribution of 
broadening to  the steady m agnetic moment. Needless to 
say, A F '" ’ given by Eq. (27) vanishes when T =  0, which 
is because A (0) =  G (0)=0, for any kind o f broadening. 
Next, we consider an explicit form o f broadening, 
Gaussian broadening, where








and r  is the relaxation time. According to  Eqs. (8)-(10), 
we have
G < D  =  0 , (35)
and
* ( — 1 )J 
j4 ( D = 2  y   - e x p







The series in Eq. (36) converges very rapidly. In fact, it 
is a good approxim ation to  keep only the first term. By 
using Eq. (30), we obtain 
,2
AAf i L r
2
4 Pbh
x c o s
2




If we set7 g ~ 0  and T —fig f i  in Eq. (37), we know that 
AM itt} can be as large as M ,*‘> given by Eq. (29).
Next we consider the specific heat. It is straightfor­
ward to  evaluate the specific heat in the strong magnetic 
limit. One finds that the maximum specific heat for the 
Gaussian broadening is the following:
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c : = m irk2T  2
3 A 2 IT 1 / 1
(38)
which wit) be of the same order of magnitude as the 
zero-broadening specific heat given by Eq. (28), since 
—T in the strong-Aeld limit. From Eq. (31) we 
know that the broadening corrections to the steady 
specific heat will be due to the tem perature dependence 
of the Landau-level width.
Suppose one would like to measure A t1"' in the weak- 
field limit, where M ,u> dominates; how weak is the weak 
magnetic field? At a tem perature of 4.2 K and in the 
case of GaAs, for which m /m 0 =  0.0665, Eq. (25) im­
plies that H < 0.5 T, which is about an order of magni­
tude smaller than the "strong field" used in the experi­
ments described in Ref. 7. We then go back to Eq. (32). 
The quantity n /D  is the number of Landau levels occu­
pied. For H =  0.5 T, « = 5 .4 x lO n cm -2, m /m „  
=0.0665, and g = 0 , the ratio in Eq. (32) is 0.01. Addi­
tionally, the magnetic moment measured in a strong field 
is7 typically on the order of 0. lAf0. We therefore know 
that the magnetic moments measured in the weak-ficld 
limit are about 1 order of magnitude smaller than those 
in strong field.
III. CONCLUSIONS
We have considered a two-dimensional electron gas in 
a uniform magnetic field with an arbitrary Landau level 
broadening. We have found that thermodynamical 
properties, such as the free energy, magnetic moment 
and the specific heat generally consist of steady and os­
cillatory parts. A nonzero Landau-level broadening con­
tributes additional terms to the steady parts and multi­
plicative reduction factors to the oscillatory parts. In 
the particular case of Gaussian broadening, the broaden­
ing correction to the steady magnetic moment can be as 
large as the steady magnetic moment itself. We con­
clude that measurements of broadening effects on the 
steady magnetic moment and specific heat will reveal 
both the tem perature and magnetic field aependences of 
the Landau-level width.
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APPENDIX: PROOF OF EQ. (7)
First we rewrite the density o f states given by Eq. (2) 
as follows:
^ “ 2 D 
D(E)  = 2  ^ Rg
t = - oo
where
E,=2fiBm i  + \ ) ,
E —E,
( A t )
(A2)
R( ( £ / r )
1 o E - g p t H /  2 +R
E +gfiBH  /2
2 r r
(A3)
Here the terms with negative I are included in Eq. (A1) 
as an approximation. W ith the help of the Poisson sum­
mation formula
4- gC
2  a i h =  f  * * ds ais)
at J* f *
+  2  2 /  * d s  <* ( j ) c o s ( 2 j j 7 j )  , (A4)
/  =  i
Eq. (AD now has the following form:
D < £ )  = HBH 1+2 2  Rei = i
exp irlEi C/i n
X ( -  I ) COS gllT
2
(A5)
where Re( ■ ■ ■ ) means the real part of ( ■ ■ • ) and C /(D  
is given by Eq. (9).
We shall then calculate ^ (£ )  defined by Eq. (6). We 
obtain
<M£) =




( - 1 ) 
( i t /)2




where A ( D  and G ( D  are given by Eqs. (8) and (10), re­
spectively.
We then substitute Eq. (A6) into Eq. (4) to evaluate 
the free energy. The integral involving the first three 
terms in Eq. (A6) can be carried out using the following 
standard formula:21
/  * *m % dE = k T )2^ iJ o dE 6 dE :
f -ft
+ o [ o m 4] . (A7)
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Since the last term  in Eq. (A6) oscillates very rapidly, we 
shall deal with it more carefully:











X (coshZ) 2d Z  . (AS)
If we replace — p / k T  by — oo, the result of the integral 
in Eq. (AS) is
(2ir2l kT / f iBH)Mnh( ir2lkT / f igH)  .
Noting
Re Cf( D exp
irlEi






we have finally proved Eq. (7).
The special case where the broadening is symmetric, 
i.e., R (x) is an even function, has been discussed in the 
text. Here we consider the more general case where 
R (x) is arbitrary. We separate R (x) into two parts, i.e., 
an even term and an odd term. In others words,
/t  (x) — R  m x )  +  R ( x )  , (A 10)
where
<*>:!:* ( - * ) !  ,
and we have
Jt±(x)=±R±( - x )  .
Equation (9) reduces to the following:
(A ll)
(A12)
C ,(D  =  2 f  + mdx R +ix)co»J o
+ 2 i /  + “ dx R “ (x)sin
^  fl
v l T x
H,H  
wirX
s c ^ i n + i c r i n ,
Hence Eqs. (8) and (10) can be rewritten as
(A 13)





* ( — 1 )' 
C ( D  =  2 T  -— “  Cos 
t — i "I
glir
2
c , - < n .
Needless to say, when it  (x) is even,
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